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𝜆

𝛬

𝜆 𝜌(𝜆)

𝛬 𝑝 (𝑥𝑠|𝜆)

𝜆 ∈ 𝛬 𝑥𝑠

𝜆 𝑠

𝜆 𝑎

𝑏 𝜆 ∈ 𝛬

𝑝1
 (𝑥𝑎|𝜆) 𝑝2

 (𝑦𝑏|𝜆) 𝑝 (𝑥𝑎 , 𝑦𝑏|𝜆) = 𝑝2
 (𝑥𝑎|𝜆) 𝑝2

 (𝑦𝑏|𝜆) 𝑥 𝑦

∀𝜆, 𝑎, 𝑏  &  ∀𝑥𝑎 ∈ 𝑋𝐴, ∀𝑦𝑏 ∈ 𝑌𝐵 ,   𝑝 (𝑋𝑎 = 𝑥𝑎 , 𝑌𝑎 = 𝑦𝑎|𝛬 = 𝜆) ∈ {0,1}
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𝛬

𝜌(𝜆) 𝑑𝜆

𝑆𝜌(𝑎, 𝑎′, 𝑏, 𝑏′) ≤ 𝐸(𝑆𝜆(𝑎, 𝑎′, 𝑏, 𝑏′))

𝑆𝜆(𝑎, 𝑎′, 𝑏, 𝑏′) = |𝐸𝜆(𝑎, 𝑏) + 𝐸𝜆(𝑎, 𝑏′)| + |𝐸𝜆(𝑎′, 𝑏) − 𝐸𝜆(𝑎′, 𝑏′)| =

|𝐴(𝑎, 𝜆)𝐵(𝑏, 𝜆) + 𝐴(𝑎, 𝜆)𝐵(𝑏′, 𝜆)| + |𝐴(𝑎′, 𝜆)𝐵(𝑏, 𝜆) − 𝐴(𝑎′, 𝜆)𝐵(𝑏′, 𝜆)| =

|𝐴(𝑎, 𝜆)(𝐵(𝑏, 𝜆) + 𝐵(𝑏′, 𝜆))| + |𝐴(𝑎′, 𝜆)(𝐵(𝑏, 𝜆) − 𝐵(𝑏′, 𝜆))| =
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|𝐵(𝑏, 𝜆) + 𝐵(𝑏′, 𝜆)| + |𝐵(𝑏, 𝜆) − 𝐵(𝑏′, 𝜆)| ≤ 2 max
𝛬

(|𝐵(𝑏, 𝜆)|, |𝐵(𝑏′, 𝜆)|)

∀𝜆 ∈ 𝛬, 𝑆𝜆(𝑎, 𝑎′, 𝑏, 𝑏′) ≤ 2
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𝜆

𝑆𝜆

|1⟩ |−1⟩

�⃑⃑�

𝐸(𝑆𝜆(𝑎, 𝑎′, 𝑏, 𝑏′)) ≤ 2

𝑆𝜌(𝑎, 𝑎′, 𝑏, 𝑏′) ≤ 2

2 ≥ 𝑆𝜌(𝑎, 𝑎′, 𝑏, 𝑏′) = |𝐶𝜌(𝑎, 𝑏) + 𝐶𝜌(𝑎, 𝑏′)| + |𝐶𝜌(𝑎′, 𝑏) − 𝐶𝜌(𝑎′, 𝑏′)|

≥ |𝐶𝜌(𝑎, 𝑏) + 𝐶𝜌(𝑎, 𝑏′) + 𝐶𝜌(𝑎′, 𝑏) − 𝐶𝜌(𝑎′, 𝑏′)|

2 ≥ |𝐶𝜌(𝑎, 𝑏) + 𝐶𝜌(𝑎, 𝑏′) + 𝐶𝜌(𝑎′, 𝑏) − 𝐶𝜌(𝑎′, 𝑏′)|

|𝜓⟩ =
1

√2
|1⟩1 ⊗ |−1⟩2 −

1

√2
|−1⟩1 ⊗ |1⟩2

|𝜓⟩ =
1

√2
|1 − 1⟩ −

1

√2
|−11⟩
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�⃑� �⃑⃑�

𝑟

�⃑⃑� �⃑� �⃑⃑�

𝜑𝛼 = 𝜑𝑏

𝜃𝑎𝑏 = 𝜃𝑎 − 𝜃𝑏 �⃑� �⃑⃑�

�⃑�, 𝑎′⃑⃑⃑⃑ , �⃑⃑�, 𝑏′⃑⃑⃑ ⃑ 𝜃𝑎𝑏 = 𝜃𝑎𝑏′ = 𝜃𝑎′𝑏 = 𝜙

𝜃𝑎′𝑏′ = 3𝜙

𝑆

𝜙

= ±
𝜋

4

�⃑� = (sin 𝜃𝑎 cos 𝜑𝛼 , sin 𝜃𝑎 sin 𝜑𝛼 , cos 𝜃𝑎)

�⃑⃑� = (sin 𝜃𝑏 cos 𝜑𝑏 , sin 𝜃𝑏 sin 𝜑𝑏 , cos 𝜃𝑏)

𝝈𝑟 = ( cos 𝜃 sin 𝜃 𝑒−𝑖𝜑

sin 𝜃 𝑒𝑖𝜑 − cos 𝜃
) 𝑟 = (sin 𝜃 cos 𝜑 , sin 𝜃 sin 𝜑 , cos 𝜃)

𝐸𝜓(�⃑�, �⃑⃑�) = ⟨𝜓|𝜎𝑎
1⨂𝜎𝑏

2|𝜓⟩ = − cos 𝜃𝑎 cos 𝜃𝑏 − cos(𝜑𝛼 − 𝜑𝑏) sin 𝜃𝑎 sin 𝜃𝑏

𝐸𝜓(�⃑�, �⃑⃑�) = − cos 𝜃𝑎𝑏

𝑆𝜓 = |𝐸𝜓(�⃑�, �⃑⃑�) + 𝐸𝜓 (�⃑�, 𝑏′⃑⃑⃑ ⃑) + 𝐸𝜓 (𝑎′⃑⃑⃑⃑ , �⃑⃑�) − 𝐸𝜓 (𝑎′⃑⃑⃑⃑ , 𝑏′⃑⃑⃑ ⃑)|

= |cos 𝜃𝑎𝑏 + cos 𝜃𝑎𝑏′ + cos 𝜃𝑎′𝑏 − cos 𝜃𝑎′𝑏′|

= |3cos 𝜙 − cos 3𝜙|

𝑆𝜓 (
𝜋

4
) = 2√2 > 2
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(𝑋, ℳ, 𝑂)

𝑋 𝑂

ℳ 𝑋 𝐶 ∈ ℳ

𝐶 𝑒𝐶

𝐶 𝑂𝐶

𝑂 𝐶
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𝑒 𝑒′ 𝜆 ∈

[0,1] 𝜆𝑒 + (1 − 𝜆)𝑒′

𝑒

𝑒

𝑒 𝑒𝑁𝐶

𝑒′

𝜆

𝑒 𝑁𝐶𝐹(𝑒) 𝐶𝐹(𝑒) = 1 − 𝑁𝐶𝐹(𝑒)

𝑒

𝜆 𝑒′

[0,1]

𝐴 𝐵

𝑒 = 𝜆𝑒𝑁𝐶 + (1 − 𝜆)𝑒′
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𝐴𝑖 𝑖 ∈ 𝐼

𝐵 𝑓𝑖 𝑖 ∈ 𝐼 𝐴𝑖 = 𝑓𝑖(𝐵) ∀ 𝑖 ∈ 𝐼

𝐴𝑖 𝐵 𝑓𝑖

𝐴1 𝐴2 𝐴1 = 𝑓1(𝐵) 𝐴2 = 𝑓2(𝐵)

(𝜇1𝐴1 + 𝜇2𝐴2) 𝐴1𝐴2 𝜇1 𝜇2

𝐴 𝐵 �̃� �̃�

 𝐴 𝐵

 �̃� �̃�

 �̃� �̃� [�̃�, �̃�] = 0

𝜇1𝐴1 + 𝜇2𝐴2 = (𝜇1𝑓1 + 𝜇2𝑓2)(𝐵)

𝐴1𝐴2 = (𝑓1𝑓2)(𝐵)
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𝒪

𝒮

𝑃

𝐴 𝜓 𝑃𝜓
𝐴

𝐴 𝜓

𝐸𝑥𝑝𝜓(𝐴) = ∫ 𝜆

∞

−∞

𝑑𝑃𝜓
𝐴(𝜆)
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𝜓

𝑃𝜓
𝐴

𝛼 𝑃𝜓
𝐴(𝑈) = 1 𝛼 ∈ 𝑈 𝑃𝜓

𝐴(𝑈) = 0 𝛼 ∉ 𝑈

𝛺 𝐴

𝑓𝐴 ∶ 𝛺 → ℝ 𝑓𝐴(𝜓) = 𝛼

𝒪

ℋ

𝒮 𝐴 ∈ 𝒪 𝐸𝐴(∙)

𝐴

 𝜎(𝐴) 𝐴 𝑢(𝐴)

𝑢 ∶  ℝ ⟶ ℝ

𝜓

|𝜓⟩

(𝛺, ℱ) ℱ 𝜎

𝛺

𝐴 = ∫ 𝜆

 

𝜎(𝐴)

𝑑𝐸𝐴(𝜆)

𝑢(𝐴) = ∫ 𝑢(𝜆)

 

𝜎(𝐴)

𝑑𝐸𝐴(𝜆)

𝑃𝜓
𝐴(𝑈) = 〈𝐸𝐴(𝑈)𝜓, 𝜓〉

𝐸𝑥𝑝𝜓(𝐴) = 〈𝐴〉𝜓 = ∫ 𝜆

 

𝜎(𝐴)

𝑑〈𝐸𝐴(𝑈)𝜓, 𝜓〉 = 〈𝐴𝜓, 𝜓〉

𝒪 ∋ 𝐴 ⟼ 𝑓𝐴 ∶ 𝛺 ⟶ ℝ

𝒮 ∋ |𝜓⟩ ⟼ 𝜇𝜓 (𝛺, ℱ)
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𝑃|𝜓⟩
𝐴 (𝑈)

𝐴 |𝜓⟩

𝑈

𝛺

ℬ 𝜎 ℝ 𝑓𝐴 𝜇|𝜓⟩

𝑓𝐴

𝜇𝜓

|𝜓⟩

𝑔(𝐴)

𝑔 ∶ ℝ ⟶ ℝ

𝑃𝜓
𝐴(𝑈) = 𝜇𝜓(𝑓𝐴

−1(𝑈))

〈𝐴〉𝜓 = 〈𝜓, 𝐴𝜓〉 = ∫ 𝜆

 

𝜎(𝐴)

𝑑𝑃𝜓
𝐴(𝜆) = ∫ 𝑓𝐴

 

𝛺

(𝜔)𝑑𝜇𝜓(𝜔)

𝛺 = ℝ𝒪 = {𝜔|𝜔 ∶ 𝒪 ⟶ ℝ}  ℱ = ℬ𝒪

𝑓𝐴(𝜔) = 𝜔(𝐴)

𝜇𝜓 = ∏ 𝑃𝜓
𝐴

𝐴∈𝒪

𝜇𝜓(𝑓𝐴
−1(𝑈)) = 𝜇𝜓({𝜔|𝑓𝐴(𝜔) ∈ 𝑈}) = 𝜇𝜓({𝜔|𝜔(𝐴) ∈ 𝑈}) = 𝑃𝜓

𝐴(𝑈)

𝑃𝜓
𝑔(𝐴)(𝑈) = 𝑃𝜓

𝐴(𝑔−1(𝑈)) , ∀𝜓 ∈ 𝒮
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𝑃 𝑃𝜓
𝐴 = 𝑃𝜓

𝐵 ,   ∀𝜓 ∈

𝒮 ⟹ 𝐴 = 𝐵 𝑔(𝐴)

𝑔(𝐴)

𝑔(𝑎) 𝑔(𝐴)

𝐴 𝑎

𝑔 ∶ ℝ ⟶ ℝ 𝐴 ∈ 𝒪

𝐴1, 𝐴2 ∈ 𝒪

𝐴1, 𝐴2

𝐵

𝑓𝑔(𝐴) = 𝑔(𝑓𝐴)

𝑓𝐴1𝐴2
= 𝑓𝐴1

⋅ 𝑓𝐴2

𝑓𝐴1+𝐴2
= 𝑓𝐴1

+ 𝑓𝐴2

𝐴1 = 𝑢1(𝐵)  ,  𝐴2 = 𝑢2(𝐵) 𝑢1, 𝑢2

𝐴1 𝐴2 = 𝑢1(𝐵) 𝑢2(𝐵) = (𝑢1 ⋅ 𝑢2)(𝐵)

𝑓𝐴1𝐴2
= 𝑓(𝑢1⋅𝑢2)(𝐵) = (𝑢1 ⋅ 𝑢2) ∘ 𝑓𝐵 = (𝑢1 ∘ 𝑓𝐵) ⋅ (𝑢2 ∘ 𝑓𝐵)

= 𝑓𝑢1(𝐵) ⋅ 𝑓𝑢2(𝐵) = 𝑓𝐴1
⋅ 𝑓𝐴2
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𝐴 𝐾

⊚ ⊆ 𝐴 × 𝐴 +∶⊚⟶ 𝐴 ∗∶⊚⟶ 𝐴

⋅∶ 𝐾 × 𝐴 ⟶ 𝐴 1 ∈ 𝐴

 ⊚ 𝑎 ⊚ 𝑎 𝑎 ⊚ 𝑏 ⟹ 𝑏 ⊚ 𝑎 ∀𝑎, 𝑏 ∈

𝐴

 𝑎 ⊚ 1 ∀𝑎 ∈ 𝐴

 ⊚ 𝑎𝑖 ⊚ 𝑎𝑗 ∀ 1 ≤ 𝑖, 𝑗 ≤ 3 ⟹ (𝑎1 +

𝑎2) ⊚ 𝑎3 (𝑎1𝑎2) ⊚ 𝑎3 𝜆𝑎1 ⊚ 𝑎3 ∀𝜆 ∈ 𝐾

 𝑎𝑖 ⊚ 𝑎𝑗 ∀ 1 ≤ 𝑖, 𝑗 ≤ 3 𝑎1 𝑎2 𝑎3

𝐾
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𝐾 ℝ

ℤ2 ℤ2

𝑎′ = 1 − 𝑎 𝑎 ∧ 𝑏 = 𝑎𝑏

𝑎 ∨ 𝑏 = 𝑎 + 𝑏 − 𝑎𝑏 𝑎𝑖 ⊚ 𝑎𝑗 ∀ 1 ≤ 𝑖, 𝑗 ≤ 3 𝑎1 𝑎2

𝑎3

ℤ2

𝑎2 = 𝑎 𝔓

ℋ𝑛 𝑛 𝐻(ℋ𝑛)

ℋ𝑛

𝐻(ℋ𝑛) ℝ 𝐵(ℋ𝑛)

ℋ𝑛

ℋ𝑛

𝐵(ℋ𝑛) ℋ𝑛

𝑎 ∧ 𝑏 𝑎 𝑏 𝑎 ∨ 𝑏

𝒪

ℝ 𝑃

𝒪 𝑃2

𝑃

𝑎 ∧ 𝑏 = 𝑎 ∩ 𝑏

𝑎 ∨ 𝑏 = 𝑎 ⊕ 𝑏̅̅ ̅̅ ̅̅ ̅̅

𝑎′ 𝑎
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𝕭

𝑩(𝓗𝒏)

𝑈, 𝑉

𝑓: 𝑈 ⟶ 𝑉 𝐾

𝑎, 𝑏 ∈ 𝑈 𝑎 ⊚ 𝑏 𝜇, 𝜆 ∈ 𝐾

 𝑓(𝑎) ⊚ 𝑓(𝑏)

 𝑓(𝜇𝑎 + 𝜆𝑏) = 𝜇𝑓(𝑎) + 𝜆𝑓(𝑏)

 𝑓(𝑎𝑏) = 𝑓(𝑎)𝑓(𝑏)

 𝑓(1) = 1

 𝐴

𝒪

 𝒪

ℝ𝛺 𝛺

ℝ ℝ𝛺 = {𝑓|𝑓 ∶ 𝛺 ⟶ ℝ} ℝ𝛺

ℝ

𝑄

𝑓 ∶ 𝛺 ⟶ ℝ

𝑃𝜓
𝐴(𝑈) = 𝜇𝜓(𝑓𝐴

−1(𝑈))  𝑈 ⊆ ℝ

𝑓𝑔(𝐴) = 𝑔(𝑓𝐴) 𝑔
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ℝ𝛺

𝑄 ℝ𝛺

𝑸

𝜑 ∶  𝔓 ↪ 𝒞 𝔓 𝒞

𝜑

𝔓 𝒞

𝛺

𝑄 𝑓 ℝ𝛺

𝜔 ∈ ℝ𝛺 ℎ ∶ 𝑄 ⟶ ℝ ℎ(𝐴) = 𝑓𝐴(𝜔)

ℤ2

ℤ2

𝔹 𝔹

𝑩 𝑎, 𝑏 ∈ 𝔹

ℎ ∶  𝔹 → ℤ2 ℎ(𝑎) ≠ ℎ(𝑏)

(⟹) 𝜑 ∶  𝔹 → 𝑩 𝜑(𝑎) ≠ 𝜑(𝑏) 𝑎 ≠ 𝑏

𝑔 ∶  𝑩 →

ℤ2 (𝑔 ∘ 𝜑)(𝑎) ≠ (𝑔 ∘ 𝜑)(𝑏) ℎ = 𝑔 ∘ 𝜑 𝔹

ℤ2

(⟸) 𝑆 𝔹 ℤ2 𝜑 ∶

 𝔹 → ℤ2
𝑆 = {𝑓|𝑓 ∶  𝑆 → ℤ2} 𝔹 ∋ 𝑎 ↦ 𝑔 ∶ 𝑆 → ℤ2 𝑔(ℎ) = ℎ(𝑎) ∀ℎ ∈ 𝑆

𝜑 𝔹 ℤ2
𝑆
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◻

𝑑𝑖𝑚𝓗 > 2

𝔹(ℋ)

ℋ

ℋ

𝔹(ℋ) 𝐷 𝔹(ℋ)

𝐷 ℤ2

𝑑𝑖𝑚ℋ > 2
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𝐺 ℋ 𝐺

ℋ

ℋ 𝐺

𝐸3

𝑆

𝐺1 𝑆

𝐴0 𝐴9

𝑎0 𝑎9 𝜃 0 ≤

𝜃 ≤ arcsin (
1

3
) 𝐺1 𝑆

𝑢 ∶ 𝑉(𝐺1) → 𝑆 𝑎𝑖 𝐺1 𝐴𝑖 =

𝑢(𝑎𝑖) 𝑆 𝜃 𝑢(𝑎0) 𝑢(𝑎9)

𝑢(𝑎8) 𝑢(𝑎0) 𝑢(𝑎9) 𝑢(𝑎7)

𝑢(𝑎8) 𝑢(𝑎7) 𝑢(𝑎0) 𝑢(𝑎9) 𝑢(𝑎7)

𝑢(𝑎9) 𝜑 𝑢(𝑎7) 𝑢(𝑎0) 𝜑 =
𝜋

2
± 𝜃

𝑢(𝑎7) 𝜑 =
𝜋

2
− 𝜃

𝑅3
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𝑢(𝑎5) = 𝑖 𝑢(𝑎6) = �⃑⃑� 𝑗 𝑖, 𝑗, �⃑⃑�

𝑢(𝑎1) 𝑖

𝑢(𝑎1) =
1

√1+𝑥2
(𝑗 + 𝑥�⃑⃑�) 𝑥 ∈ ℝ

𝑢(𝑎2) �⃑⃑�

𝑢(𝑎2) =
1

√1+𝑦2
(𝑖 + 𝑦𝑗) 𝑦 ∈ ℝ

𝑢(𝑎3) = 𝑢(𝑎5) × 𝑢(𝑎1) =
1

√1+𝑥2
(−𝑥𝑗 + �⃑⃑�)

𝑢(𝑎3) = 𝑢(𝑎5) × 𝑢(𝑎1) =
1

√1+𝑦2
(𝑦𝑖 − 𝑗)

𝑢(𝑎0) 𝑢(𝑎1) 𝑢(𝑎2)

𝑢(𝑎0) =
𝑢(𝑎1) × 𝑢(𝑎2)

‖𝑢(𝑎1) × 𝑢(𝑎2)‖
=

1

√1 + 𝑥2 + 𝑥2𝑦2
(−𝑥𝑦𝑖 + 𝑥𝑗 − �⃑⃑�)

𝑢(𝑎7) 𝑢(𝑎3) 𝑢(𝑎4)

𝑢(𝑎7) =
𝑢(𝑎4) × 𝑢(𝑎3)

‖𝑢(𝑎4) × 𝑢(𝑎3)‖
=

1

√1 + 𝑦2 + 𝑥2𝑦2
(−𝑖 − 𝑦𝑗 − 𝑥𝑦�⃑⃑�)

𝑢(𝑎0) 𝑢(𝑎7) = cos 𝜑 =
𝑥𝑦

√(1 + 𝑥2 + 𝑥2𝑦2)(1 + 𝑦2 + 𝑥2𝑦2)

𝜑 =
𝜋

2
− 𝜃

sin 𝜃 =
𝑥𝑦

√(1 + 𝑥2 + 𝑥2𝑦2)(1 + 𝑦2 + 𝑥2𝑦2)

1/3 𝑥 = 𝑦 = ±1 𝐺1 0 ≤ sin 𝜃 ≤
1

3

0 ≤ 𝜃 ≤ arcsin (
1

3
)

◻
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𝐺2 𝑆

𝐺2 ℝ3

𝐺1
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𝐺2 𝐺1

𝐺1 18° 𝜃 =
𝜋

10
< arcsin

1

3
≅ 0.3398 𝐺1 𝑆

𝑃0, 𝑄0, 𝑅0 𝐺1

𝑎9

𝑎0 𝐺1

𝑃0, 𝑄0, 𝑅0

𝑎𝑖 𝑎𝑖

18°

𝑃0, 𝑄0, 𝑅0 𝐺1 𝜑𝑃0𝑄0
=

𝜑𝑃0𝑅0
= 𝜑𝑄0𝑅0

=
𝜋

2
= 5𝜃 𝐺1

𝑃0 𝑄0 𝑎8 𝑅0

𝑎0 𝑎9 𝑃0 𝑄0

𝑅0

𝐺1 𝑃0 − 𝑅0 𝑄0 − 𝑅0

𝑎0 𝐺1

𝑢 ∶ 𝑉(𝐺2) → 𝑆 𝑣𝑖 𝐺2

𝑉𝑖 = 𝑢(𝑣𝑖) 𝑆 𝑢(𝑝𝑘) = 𝑃𝑘 𝑢(𝑞𝑘) = 𝑄𝑘 𝑢(𝑟𝑘) = 𝑅𝑘 0 ≤ 𝑘 ≤ 4

𝐺2

𝐺1
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𝑃𝑘 = cos
𝑘𝜋

10
𝑖 + sin

𝑘𝜋

10
𝑗

𝑄𝑘 = cos
𝑘𝜋

10
𝑗 + sin

𝑘𝜋

10
�⃑⃑�

𝑅𝑘 = cos
𝑘𝜋

10
𝑖 + sin

𝑘𝜋

10
�⃑⃑�

0 ≤ 𝑘 ≤ 4 𝑖, 𝑗, �⃑⃑� ℝ3

𝑃0, 𝑄0, 𝑅0

𝑝0, 𝑞0, 𝑟0

◻

𝐸3

 𝔹(𝐸3) 𝐸3 𝑇 𝐺2

𝑢 𝑆 𝐷

𝑇 𝔹(𝐸3) 𝐺2

𝔹(𝐸3)

ℎ ∶ 𝐷 → ℤ2 𝐷

𝔹(𝐸3) 𝑠1, 𝑠2, 𝑠3 𝐷

ℎ

𝐷 ℤ2

ℎ ∶

𝐷 → ℤ2 ℎ∗ ∶ 𝑇 → {0,1}

ℎ(𝑠1) ∪ ℎ(𝑠2) ∪ ℎ(𝑠3) = ℎ(𝑠1 ∪ 𝑠2 ∪ 𝑠3) = ℎ(𝐸3) = 1

ℎ(𝑠𝑖) ∪ ℎ(𝑠𝑗) = ℎ(𝑠𝑖 ∪ 𝑠𝑗) = ℎ(0) = 0 1 ≤ 𝑖 ≠ 𝑗 ≤ 3
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𝑔 ∶  𝐺2 → {0,1}

𝐺2

𝑔 𝐺1 𝐺2

𝑔(𝑎0) = 1 𝑔(𝑎9) = 1 𝑔(𝑎9) = 0

𝑔(𝑎8) = 0 𝑔(𝑎7) = 1 𝑔(𝑎1) = 𝑔(𝑎2) = 𝑔(𝑎3) = 𝑔(𝑎4) = 0

𝑔(𝑎5) = 𝑔(𝑎6) = 1

𝑎0 𝐺1

𝑎9

𝑎9 𝑎0

𝑎0

𝑎0

𝑎0

𝑎0

𝐺1



Ψηφιακή βιβλιοθήκη Θεόφραστος – Τμήμα Γεωλογίας – Αριστοτέλειο Πανεπιστήμιο Θεσσαλονίκης

𝑝0  𝑞0 𝑟0 𝐺2

𝑔 𝑔(𝑟0) = 1 𝑔(𝑟0) = 𝑔(𝑟1) = 𝑔(𝑟2) =

𝑔(𝑟3) = 𝑔(𝑟4) = 𝑔(𝑝0) = 1 𝑔(𝑝0) = 1 𝑔(𝑟0) = 1

◻

𝑆 {0,1}

𝔹(𝐸3) ℤ2

𝕊 = (𝑆𝑥 , 𝑆𝑦 , 𝑆𝑧)

𝑥, 𝑦 𝑧

𝑆𝑥 =
1

√2
(

0 1 0
1 0 1
0 1 0

) , 𝑆𝑦 =
1

√2
(

0 −𝑖 0
𝑖 0 −𝑖
0 𝑖 0

) , 𝑆𝑧 = (
1 0 0
0 0 0
0 0 −1

)

𝑣 ≡ (𝑎, 𝑏, 𝑐) 𝑆�⃑⃑� = 𝕊 ⋅ 𝑣 = 𝑎𝑆𝑥 + 𝑏𝑆𝑦 + 𝑐𝑆𝑧 |𝑎|2 + |𝑏|2 + |𝑐|2 = 1

𝑆𝑥 , 𝑆𝑦, 𝑆𝑧

𝑆𝑥
2, 𝑆𝑦

2, 𝑆𝑧
2

𝜑 𝔹(𝐸3)

𝔅 𝑃

𝑣 𝐸3 𝑆𝑣 𝜑

𝜑(𝐸3) = 𝑃 𝜑(0) = 0 𝜑(𝑣) = 𝑃𝑆𝑣
2 𝑣

𝜑(𝑤) = 𝑃(𝟙 − 𝑆𝑤⊥
2 ) 𝑤 𝑤⊥

[𝑆𝑥
2, 𝑆𝑦

2] = [𝑆𝑦
2, 𝑆𝑧

2] = [𝑆𝑧
2, 𝑆𝑥

2] = 0
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𝑤 𝜑

𝑎 𝑏 𝐸3 [𝑃𝑆𝑎
2, 𝑃𝑆𝑏

2] = 0

𝑃𝑆𝑎
2 𝔅

𝑃𝑎 𝑎

{ℓ𝑖}𝑖∈ℤ5
ℓ𝑖 ⊥ ℓ𝑖+1, ∀ 𝑖 ∈ ℤ5

[𝑃𝑆𝑎
2, 𝑃𝑆𝑏

2] = 𝑃𝑆𝑎
2𝑃𝑆𝑏

2 − 𝑃𝑆𝑏
2𝑃𝑆𝑎

2 = 𝑃(𝑆𝑎
2𝑆𝑏

2 − 𝑆𝑏
2𝑆𝑎

2) = 𝑃[𝑆𝑎
2, 𝑆𝑏

2] = 𝑃0 = 0

𝐸3
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𝕊 = (𝑆𝑥 , 𝑆𝑦 , 𝑆𝑧)

𝑆𝑥 =
1

√2
(

0 1 0
1 0 1
0 1 0

) , 𝑆𝑦 =
1

√2
(

0 −𝑖 0
𝑖 0 −𝑖
0 𝑖 0

) , 𝑆𝑧 = (
1 0 0
0 0 0
0 0 −1

) 

𝑆ℓ𝑖
= 𝕊 ⋅ ℓ𝑖 ℓ𝑖

ℓ𝑖 𝑆ℓ𝑖

[𝑆ℓ𝑖

2 , 𝑆ℓ𝑖+1

2 ] = 0 , ∀ 𝑖 ∈ ℤ5 𝐴𝑖 = 2𝑆ℓ𝑖

2 − 𝟙

𝑎𝑖 = ±1

𝑎𝑖 𝐴𝑖

𝑎1𝑎2 + 𝑎2𝑎3 + 𝑎3𝑎4 + 𝑎4𝑎5 + 𝑎5𝑎1
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𝑎𝑖𝑎𝑖+1

𝑎𝑖

|𝜓⟩

|𝜓⟩ = |2⟩ 〈𝐾𝐶𝐵𝑆〉2 = ⟨2|𝐾𝐶𝐵𝑆|2⟩ ≅ −3.94427 < −3

𝑎1𝑎2 + 𝑎2𝑎3 + 𝑎3𝑎4 + 𝑎4𝑎5 + 𝑎5𝑎1 ≥ −3

〈𝐴1𝐴2〉 + 〈𝐴2𝐴3〉 + 〈𝐴3𝐴4〉 + 〈𝐴4𝐴5〉 + 〈𝐴5𝐴1〉 ≥ −3

|𝑣𝑘⟩ = cos (
4𝑘𝜋

5
) |0⟩ + sin (

4𝑘𝜋

5
) |1⟩ + √cos (

𝜋

5
) |2⟩

𝐴𝑖 = 2
|𝑣𝑖⟩⟨𝑣𝑖|

⟨𝑣𝑖|𝑣𝑖⟩
− 𝟙

𝐾𝐶𝐵𝑆 = 𝐴1𝐴2 + 𝐴2𝐴3 + 𝐴3𝐴4 + 𝐴4𝐴5 + 𝐴5𝐴1
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𝑃(𝑎, 𝑏|𝑥, 𝑦) 𝑎 𝑏

𝑥 𝑦

𝑃(𝑎|𝑥, 𝑦) = ∑ 𝑃(𝑎, 𝑏|𝑥, 𝑦)𝑏 = 𝑃(𝑎|𝑥)

𝐴, 𝐵, 𝐶, … 𝐴 𝐵 𝐴

𝐶 𝐴 𝐵

𝐴 𝐶

𝑝(𝐴 = 𝑎, 𝐵 = 𝑏) 𝑝(𝐴 = 𝑎, 𝐶 = 𝑐) 𝑎 𝑏 𝑐

𝑝(𝐴 = 𝑎) 𝑝(𝐴 = 𝑎, 𝐵 = 𝑏)

𝑝(𝐴 = 𝑎, 𝐶 = 𝑐)

𝑃(𝑎|𝑥, 𝑦) = ∑ 𝑃(𝑎, 𝑏|𝑥, 𝑦)

𝑏

= 𝑃(𝑎|𝑥)

∑ 𝑝(𝐴 = 𝑎, 𝐵 = 𝑏)

𝑏

= ∑ 𝑝(𝐴 = 𝑎, 𝐶 = 𝑐)

𝑐

= 𝑝(𝐴 = 𝑎)
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𝐺 = (𝑉(𝐺), 𝐸(𝐺))

𝑉(𝐺) 𝐸(𝐺)

𝐸(𝐺) = {{𝑥, 𝑦}: 𝑥, 𝑦 ∈ 𝑉(𝐺)}

𝐺

𝐺

𝐺 �̅�

𝐺

𝐺 𝐺
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𝐺

𝜔(𝐺) 𝐺 𝐺

𝐺

𝜒(𝐺) 𝐺

𝐺

𝜃(𝐺) 𝐺

𝐺 𝐺

𝐺 𝜒(𝐺[𝑆]) = 𝜔(𝐺[𝑆]) ∀ 𝑆 ⊆ 𝑉(𝐺) 𝐺[𝑆]

𝐺 𝑆

𝐺

�̅�

𝐺

𝐺 �̅�

https://en.wikipedia.org/wiki/L%C3%A1szl%C3%B3_Lov%C3%A1sz
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𝜗(𝐺) 𝐺

𝛩(𝐺)

𝛩(𝐺) 𝐺

𝐺𝑘 𝐺 𝑘

𝐺 𝜒(𝐺)

�̅�

𝜔(𝐺) ≤ 𝜗(�̅�) ≤ 𝜒(𝐺)

𝛼(𝐺) = 𝜔(�̅�)

𝛼(𝐺) ≤ 𝛩(𝐺) ≤ 𝜗(𝐺)

𝛩(𝐺) = sup
𝑘

√𝛼(𝐺𝑘)𝑘
= lim

𝑘→∞
√𝛼(𝐺𝑘)𝑘

𝜒(𝐺) = 𝜃(�̅�)

https://en.wikipedia.org/wiki/L%C3%A1szl%C3%B3_Lov%C3%A1sz
https://en.wikipedia.org/wiki/L%C3%A1szl%C3%B3_Lov%C3%A1sz
https://en.wikipedia.org/wiki/L%C3%A1szl%C3%B3_Lov%C3%A1sz
https://en.wikipedia.org/wiki/L%C3%A1szl%C3%B3_Lov%C3%A1sz
https://en.wikipedia.org/wiki/L%C3%A1szl%C3%B3_Lov%C3%A1sz
https://en.wikipedia.org/wiki/L%C3%A1szl%C3%B3_Lov%C3%A1sz
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{𝐴𝑖1
= 𝑎𝑖1

, … , 𝐴𝑖𝑘
= 𝑎𝑖𝑘

}

{𝑎𝑖1
, … , 𝑎𝑖𝑘

|𝐴𝑖1
, … , 𝐴𝑖𝑘

} (𝐴𝑖1
, … , 𝐴𝑖𝑘

)

𝐴𝑖𝑗
𝑎𝑖𝑗

𝑗 = 1, … , 𝑘

{𝑥𝑖, 𝑥𝑗, … |𝑖, 𝑗, … } 𝑥𝑖

𝑖 𝑥𝑗

𝑗

𝑃(𝑎, 𝑏|𝑖, 𝑗) 𝑎

𝐴𝑖 𝑏 𝐵𝑗

𝑃(𝐴𝑖 = 𝑎)

𝐴𝑖 𝑎
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{0,1} {−1,1}

𝐴0, 𝐴1 𝐵0, 𝐵1

{−1,1}

𝐴𝑖 𝐴𝑖

𝑎𝑖 {1, 𝑎|𝑖, 𝑗}

{−1, 𝑏|𝑖, 𝑘}
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{0,1} {−1,1}
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𝐴𝑖 𝐴𝑖+1

{𝐴𝑖}

{𝐴𝑖, 𝐴𝑖+1}
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𝐺𝐶𝐻𝑆𝐻 𝐺𝐾𝐶𝐵𝑆

𝛼(𝐺𝐶𝐻𝑆𝐻 ) = 3 𝛼(𝐺𝐾𝐶𝐵𝑆) = 2

𝑃(1,1|0,0) + 𝑃(−1, −1|0,0) + 𝑃(1,1|0,1) + 𝑃(−1, −1|0,1) +  𝑃(1,1|1,0)

+ 𝑃(−1, −1|1,0) + 𝑃(1, −1|1,1) + 𝑃(−1,1|1,1) ≤
𝑁𝐶𝐻𝑉

3

∑ 𝑃(𝐴𝑖 = 1)

5

𝑖=1

≤
𝑁𝐶𝐻𝑉

2

〈𝐴0𝐵0〉 + 〈𝐴0𝐵1〉 + 〈𝐴1𝐵0〉 − 〈𝐴1𝐵1〉 ≤
𝑁𝐶𝐻𝑉

2

〈𝐴0𝐵0〉 + 〈𝐴0𝐵1〉 + 〈𝐴1𝐵0〉 − 〈𝐴1𝐵1〉 ≥
𝑁𝐶𝐻𝑉

−2
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〈𝐴𝑖𝐵𝑗〉

〈𝐴1𝐴2〉 + 〈𝐴2𝐴3〉 + 〈𝐴3𝐴4〉 + 〈𝐴4𝐴5〉 + 〈𝐴5𝐴1〉 ≥
𝑁𝐶𝐻𝑉

−3

〈𝐴𝑖𝐵𝑗〉 = 𝑃(1,1|𝑖, 𝑗) + 𝑃(−1, −1|𝑖, 𝑗) − 𝑃(−1,1|𝑖, 𝑗) − 𝑃(1, −1|𝑖, 𝑗)

𝑃(1,1|𝑖, 𝑗) + 𝑃(−1, −1|𝑖, 𝑗) + 𝑃(−1,1|𝑖, 𝑗) + 𝑃(1, −1|𝑖, 𝑗) = 1

±〈𝐴𝑖𝐵𝑗〉 = 2[𝑃(1, ±1|𝑖, 𝑗) + 𝑃(−1, ∓1|𝑖, 𝑗)] − 1

𝑃(1, −1|0,1) + 𝑃(−1,1|1,1) + 𝑃(1,1|1,0) + 𝑃(1, −1|0,0) +  𝑃(−1,1|0,1)

+ 𝑃(1, −1|1,1) + 𝑃(−1, −1|1,0) + 𝑃(−1,1|0,0) ≤
𝑁𝐶𝐻𝑉

3



Ψηφιακή βιβλιοθήκη Θεόφραστος – Τμήμα Γεωλογίας – Αριστοτέλειο Πανεπιστήμιο Θεσσαλονίκης

{−1,1}

𝑃(𝐴𝑖 = 1) =

𝑃(1, −1|𝑖, 𝑖 + 1) 〈𝐴𝑖𝐴𝑖+1〉

{𝐴𝑖 , 𝐴𝑖+1}

{𝐴𝑖 = 1, 𝐴𝑖+1 = −1} {𝐴𝑖 = −1, 𝐴𝑖+1 = −1} {𝐴𝑖 = −1, 𝐴𝑖+1 = 1}

∑ 𝑃(1, −1|𝑖, 𝑖 + 1)

5

𝑖=1

≤
𝑁𝐶𝐻𝑉

2

〈𝐴𝑖𝐴𝑖+1〉 = 𝑃(−1, −1|𝑖, 𝑖 + 1) − 𝑃(1, −1|𝑖, 𝑖 + 1) − 𝑃(−1,1|𝑖, 𝑖 + 1)

(−1, −1|𝑖, 𝑖 + 1) + 𝑃(1, −1|𝑖, 𝑖 + 1) + 𝑃(−1,1|𝑖, 𝑖 + 1) = 1

〈𝐴𝑖𝐴𝑖+1〉 = 1 − 2[𝑃(1, −1|𝑖, 𝑖 + 1) + 𝑃(−1,1|𝑖, 𝑖 + 1)]

∑〈𝐴𝑖𝐴𝑖+1〉

5

𝑖=1

= 5 − 4 ∑ 𝑃(1, −1|𝑖, 𝑖 + 1)

5

𝑖=1

∑〈𝐴𝑖𝐴𝑖+1〉

5

𝑖=1

≥
𝑁𝐶𝐻𝑉

−3
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𝐺 𝐶 ⊆ 𝑉(𝐺)

𝐺

𝐶 𝑝𝑖 𝑣𝑖 ∈ 𝐶

𝐶

𝑝𝑖 𝑣𝑖

𝑝𝑖

𝑣𝑖 𝐺

𝐶

𝑖 ∈ 𝐶

𝐺

𝐺 𝐺

𝑝 ∶  𝑉(𝐺) → [0,1] 𝑝(𝜐) 𝜐 ∈ 𝑉(𝐺)

𝐶 𝐺

𝐺

𝑛

∑ 𝑝𝑖

𝑖∈𝐶

= 1

∑ 𝑝(𝜐)

𝜐∈𝐶

= 1    ∀ 𝐶

∑ 𝑝(𝜐)

𝜐∈𝑒

= 1    ∀ 𝑒 ∈ 𝐸(𝐺)
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𝑃𝑖

𝑣𝑖

𝐺 ℰ𝑖

𝑃𝑖 ℰ𝑖

|𝜓⟩ 〈𝑃𝑖〉𝜓 =

⟨𝜓|𝑃𝑖|𝜓⟩ ℰ𝑖 〈𝑃𝑖〉𝜓

𝐺 |𝜓⟩

{𝑖, 𝑗}

𝑃𝑖 + 𝑃𝑗 ≤ 𝟙

〈𝑃𝑖〉

𝑛

𝐺

𝛼(𝐺)

𝐺 𝜗(𝐺)

𝜗(𝐺) 𝐺

〈𝑃𝑖〉𝜓 + 〈𝑃𝑗〉𝜓 ≤ 1 , ∀(𝑖, 𝑗) ∈ 𝐸(𝐺), ∀|𝜓⟩ ∈ ℋ∗  ⟹  𝑃𝑖 + 𝑃𝑗 ≤ 𝟙

𝛽𝜓 = ∑ 〈𝑃𝑖〉𝜓

𝑖∈𝑉(𝐺)
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𝐺

𝜗(𝐺) 𝐺

|𝜓⟩ 𝑛

𝔼𝑛 𝑉 = {|𝑣𝑖⟩: 𝑖 ∈ {1, . . 𝑛}} 𝐺

𝑛 𝔼𝑛

|𝜓⟩

𝑃𝑖 〈𝑃𝑖〉𝜓 = ⟨𝜓|𝑃𝑖|𝜓⟩ 𝑖

|𝑣𝑖⟩ |𝑣𝑖⟩ ≔
𝑃𝑖|𝜓⟩

√⟨𝜓|𝑃𝑖|𝜓⟩

〈𝑃𝑖〉𝜓 〈𝑃𝑖〉𝜓 = |⟨𝜓|𝑣𝑖⟩|2

𝑃𝑖 |𝑣𝑖⟩⟨𝑣𝑖| |𝑣𝑖⟩

𝐺 𝛽𝜓

𝐺

𝛼(𝐺)

𝜗(𝐺)

𝐺 𝛼(𝐺) < 𝜗(𝐺)

𝐺 𝛼(𝐺) = 𝜗(𝐺)

𝜗(𝐺) = max
|𝜓⟩,𝑉

∑|⟨𝜓|𝑣𝑖⟩|2

𝑛

𝑖=1
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𝐺 𝐺 𝐺

𝐺 𝜔(𝐺) = 𝜒(𝐺)

𝜔(𝐺) ≤ 𝜗(�̅�) ≤ 𝜒(𝐺) 𝐺

𝜔(𝐺) = 𝜗(�̅�) = 𝜒(𝐺) 𝜔(𝐺) = 𝛼(�̅�) 𝛼(�̅�) =

𝜗(�̅�) 𝐺 �̅�

𝐺 �̅�

𝐺

◻

𝐺

𝛼(𝐺) = 𝜗(𝐺)
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𝐺

𝛼(𝐺) = 𝜃(𝐺)

�̅� 𝐺

�̅�

𝜔(�̅�) = 𝜗(𝐺) = 𝜒(�̅�) 𝜒(�̅�) = 𝜃(𝐺) 𝜗(𝐺) =

𝜃(𝐺) 𝐺 𝛼(𝐺) = 𝜗(𝐺)

𝛼(𝐺) = 𝜃(𝐺) 𝐺

◻
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𝐺 𝐺 𝐺
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◻
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𝐺 𝑛

𝐺

𝐺 𝑉(𝐺) = {𝑣1, … , 𝑣𝑛}

𝑉(𝐺) 𝐾3

𝐺 𝐾3 = {𝐾3
(𝑖)}

𝑖∈𝐼3

𝐾3
(𝑖)

∈ ⋃ (𝑉(𝐺))
𝑘

𝑘≥3

𝐾3
(𝑖)

𝐾2

𝐺 𝐾3
(𝑖)

𝐾2 = {𝐾2
(𝑖)}

𝑖∈𝐼2

𝐾2
(𝑖)

∈ 𝐸(𝐺) =

𝑉2(𝐺) = 𝑉(𝐺) × 𝑉(𝐺) ∄𝑗 ∈ 𝐼3 ∶  𝐾2
(𝑖)

⊆ 𝐾3
(𝑗)

𝐾1

𝐺 𝐾3
(𝑖)

𝐾2
(𝑗)

𝐾1 = {𝐾1
(𝑖)}

𝑖∈𝐼1

𝐾1
(𝑖)

⊆

{{𝑣}: 𝑣 ∈ 𝑉(𝐺)} ∄(𝑗, 𝑘) ∈ 𝐼2 × 𝐼3 ∶  𝐾1
(𝑖)

⊆ 𝐾2
(𝑗)

 𝑜𝑟 𝐾1
(𝑖)

⊆ 𝐾3
(𝑘)

𝐺

𝐾1  𝐾2  𝐾3

𝐾𝑖 𝐺

𝐾 = 𝐾1⋃𝐾2⋃𝐾3

𝑛 𝐺

|𝐴| 𝐴 𝑃(𝐾 
(𝑖)⋂𝐾 

(𝑗))
⟦𝐾 

(𝑖)⋂𝐾 
(𝑗)≠∅⟧

𝐾 
(𝑖)

𝐾 
(𝑗) 𝐾 

(𝑖)⋂𝐾 
(𝑗) ≠ ∅ 𝐾 

(𝑖) ∈ 𝐾

𝑃(𝐾 
(𝑖))

𝐾 𝐾 
(𝑖) 𝐾 

(𝑗) ∈ 𝐾 ∖ {𝐾 
(𝑖)}

𝑃(𝑣1, … , 𝑣2) =
∏ ∏ ∏ 𝑃(𝐾3

(𝑖)
)𝑃 (𝐾2

(𝑗)
) 𝑃(𝐾1

(𝑘)
)

|𝐾1|
𝑘=1

|𝐾2|
𝑗=1

|𝐾3|
𝑖=1

∏ 𝑃(𝐾 
(𝑖)⋂𝐾 

(𝑗))⟦𝐾 
(𝑖)⋂𝐾 

(𝑗)≠∅⟧|𝐾|
𝑖<𝑗=1
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𝐾 
(𝑗) 𝐾 

(𝑖)

𝐾 
(𝑖)⋂𝐾 

(𝑗) ≠ ∅

∏ 𝑃(𝐾 
(𝑖)⋂𝐾 

(𝑗))|𝐾|
𝑖<𝑗=1

𝑃(𝐾 
(𝑖))

◻

𝑛

𝑅

𝑚

𝑛 ⋅ 𝑅 𝑛1

𝑅1 𝑛2 𝑅2

𝑛𝑘 𝑅𝑘

∑ 𝑛𝑘𝑅𝑘𝑘

𝑛
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𝑛

𝑛

𝑛

𝑅

𝑛 ⋅ 𝑅

𝐺 𝑛

𝐾𝑗 ≤ 𝑅 𝑗 = 1,2, … , 𝑛 𝑅

𝑛 ⋅ 𝑅

𝑛

∑ 𝐾𝑗
𝑛
𝑗=1 ≤ 𝑛𝑅

𝑚

{𝐺𝑖}𝑖∈{1,2,…,𝑚}

𝐺𝑖 𝐺

𝛼(𝐺𝑖) = 𝜃(𝐺𝑖)
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𝛼(𝐺𝑖) 𝜃(𝐺𝑖) 𝐺𝑖

𝛼(𝐺𝑖) 𝐺𝑖

𝑛 ⋅ 𝑅

◻

𝐴𝑖 , 𝑖 ∈ ℤ5

𝐴𝑖 𝑎𝑖 ∈ {−1,1}

𝑝(𝑎𝑖, 𝑎𝑖+1)

𝑖 ∈ ℤ5 {𝐴𝑖 = 1} {𝐴𝑖+1 = 1} ∀𝑖 ∈

ℤ5 𝑎𝑖𝑎𝑖+1 = 0

∑ 𝜃(𝐺𝑖)

𝑚

𝑗=1

= ∑ 𝛼(𝐺𝑖)

𝑚

𝑖=1

≤ 𝑛 ⋅ 𝑅

∑ 𝑝(𝐴𝑖 = 1)

4

𝑖=0

≤ 2
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{𝐴𝑖} {𝐴′𝑖}

{𝐴0, 𝐴′0, 𝐴′1}

{𝐴3, 𝐴4, 𝐴′4}

𝑝(𝑎𝑖, 𝑎𝑖+1) 𝑝(𝑎′𝑖, 𝑎′𝑖+1)

𝑝(𝑎0, 𝑎′
0, 𝑎′

1) 𝑝(𝑎3, 𝑎4, 𝑎′
4)

𝑝(𝐴𝑖 = 𝑎𝑖) 𝑝(𝐴′𝑖 = 𝑎′𝑖) {𝐴𝑖 = 𝑎𝑖} {𝐴′𝑖 = 𝑎′𝑖}
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{𝐴𝑖 = 1} {𝐴′𝑖 = 1}

𝑝(𝐴0 = 1) = 𝑝 𝑝(𝐴′4 = 1) = 𝑞 {𝐴0 = 1}  {𝐴′0 = 1} {𝐴′1 = 1}

𝑝(𝐴0 = 1) + 𝑝(𝐴′0 = 1) + 𝑝(𝐴′1 = 1) ≤ 1

{𝐴3 = 1}  {𝐴4 = 1} {𝐴′4 = 1}

{𝐴𝑖 = 1}𝑖 {𝐴′𝑖 = 1}𝑖

𝑝(𝐴′
0 = 1) + 𝑝(𝐴′

1 = 1) ≤ 1 − 𝑝

𝑝(𝐴3 = 1) + 𝑝(𝐴4 = 1) ≤ 1 − 𝑞

𝑝(𝐴𝑖 = 1) + 𝑝(𝐴𝑖+1 = 1) ≤ 1

𝑝(𝐴′𝑖 = 1) + 𝑝(𝐴′𝑖+1 = 1) ≤ 1

𝑝(𝐴1 = 1) + 𝑝(𝐴2 = 1) ≤ 1 ⟹

𝑝(𝐴1 = 1) + 𝑝(𝐴2 = 1) + 𝑝(𝐴3 = 1) + 𝑝(𝐴4 = 1) ≤ 2 − 𝑞 ⟹

𝑝(𝐴0 = 1) +  𝑝(𝐴1 = 1) + 𝑝(𝐴2 = 1) + 𝑝(𝐴3 = 1) + 𝑝(𝐴4 = 1) ≤ 2 − 𝑞 + 𝑝 ⟹

∑ 𝑝(𝐴𝑖 = 1)

4

𝑖=0

≤ 2 − 𝑞 + 𝑝

∑ 𝑝(𝐴𝑖 = 1)

4

𝑖=0

≤ 2 − 𝑞 + 𝑝

∑ 𝑝(𝐴𝑖 = 1)

5

𝑖=1

+ ∑ 𝑝(𝐴′𝑖 = 1)

5

𝑖=1

≤ 4
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{𝐴𝑖} {𝐴𝑖
′} {𝐴𝑖}

{𝐴𝑖
′}

sin(𝛼 − 𝛿) ≠ 0 cos(𝛼 − 𝛿) ≠ 0 tan 𝛽 tan 𝛾 cos(𝛼 − 𝛿) = −1 {𝐴𝑖}

{𝐴𝑖
′}

|𝑣1⟩ = (1,0,0,0)𝑇 |𝑣2⟩ = (0,1,0,0)𝑇 |𝑣3⟩ = (cos 𝜃 , 0, sin 𝜃 , 0)𝑇

|𝑣4⟩ = (sin 𝜑 sin 𝜃 , cos 𝜑 , − sin 𝜑 cos 𝜃 , 0)𝑇 |𝑣5⟩ = (0, sin 𝜑 cos 𝜃 , cos 𝜑 , 0)𝑇

|𝑣′1⟩ = (0,0,0,1)𝑇 |𝑣′2⟩ = (0, cos 𝛼 , sin 𝛼 , 0)𝑇

|𝑣′3⟩ = (0, sin 𝛽 sin 𝛼 , − sin 𝛽 cos 𝛼 , cos 𝛽)𝑇

|𝑣′4⟩ = (0, sin 𝛾 sin 𝛿 , − sin 𝛾 cos 𝛿 , cos 𝛾)𝑇 |𝑣′5⟩ = (0, sin 𝛾 cos 𝛿 , sin 𝛾 sin 𝛿 , 0)𝑇

𝐴𝑖 =
|𝑣𝑖⟩⟨𝑣𝑖|

⟨𝑣𝑖|𝑣𝑖⟩
,               𝐴𝑖

′ =
|𝑣′𝑖⟩⟨𝑣′𝑖|

⟨𝑣′𝑖|𝑣′𝑖⟩
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𝑝(𝐴2 = 1) + 𝑝(𝐴3 = 1) + 𝑝(𝐴4 = 1) + 𝑝(𝐴5 = 1) + 𝑝(𝐴′1 = 1) ≤
𝑁𝐷

2
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𝑝(𝐴2 = 1) + 𝑝(𝐴5 = 1) + 𝑝(𝐴1 = 1) + 𝑝(𝐴′3 = 1) + 𝑝(𝐴′4 = 1) ≤
𝑁𝐷

2

𝐾(𝐴𝑖) + 𝐾(𝐴′𝑖) ≤
𝑁𝐷

4

𝑝(𝑎1, 𝑎2, 𝑎′3, 𝑎′4, 𝑎5) =
𝑝(𝑎1, 𝑎2, 𝑎′3)𝑝(𝑎1, 𝑎′3, 𝑎′4)𝑝(𝑎1, 𝑎′4, 𝑎5)

𝑝(𝑎1, 𝑎3
′ )𝑝(𝑎1, 𝑎4

′ )

𝑝(𝑎′1, 𝑎2, 𝑎3, 𝑎4, 𝑎5) =
𝑝(𝑎′1, 𝑎2, 𝑎3)𝑝(𝑎′1, 𝑎3, 𝑎4)𝑝(𝑎′1, 𝑎4, 𝑎5)

𝑝(𝑎′
1, 𝑎3)𝑝(𝑎′

1, 𝑎4)
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𝑝(𝑎1, 𝑎′2, 𝑎′3, 𝑎′4, 𝑎′5) =
𝑝(𝑎1, 𝑎′2, 𝑎′3)𝑝(𝑎1, 𝑎′3, 𝑎′4)𝑝(𝑎1, 𝑎′4, 𝑎′5)

𝑝(𝑎1, 𝑎3
′ )𝑝(𝑎1, 𝑎4

′ )

𝑝(𝑎′1, 𝑎2, 𝑎3, 𝑎4, 𝑎5) =
𝑝(𝑎′1, 𝑎2, 𝑎3)𝑝(𝑎′1, 𝑎3, 𝑎4)𝑝(𝑎′1, 𝑎4, 𝑎5)

𝑝(𝑎′
1, 𝑎3)𝑝(𝑎′

1, 𝑎4)



Ψηφιακή βιβλιοθήκη Θεόφραστος – Τμήμα Γεωλογίας – Αριστοτέλειο Πανεπιστήμιο Θεσσαλονίκης



Ψηφιακή βιβλιοθήκη Θεόφραστος – Τμήμα Γεωλογίας – Αριστοτέλειο Πανεπιστήμιο Θεσσαλονίκης

{𝐴′𝑖}

{𝐴′𝑖 = 1} {𝐴′𝑖+1 = 1}

𝑝(𝑎1, 𝑏1, 𝑏5, 𝑐1, 𝑐5) =
𝑝(𝑎1, 𝑏1, 𝑏5)𝑝(𝑎1, 𝑐1, 𝑐6)

𝑝(𝑎1)

𝑝(𝑎3, 𝑎4, 𝑏2, 𝑐4) =
𝑝(𝑎3, 𝑎4, 𝑐4)𝑝(𝑎3, 𝑎4, 𝑏2)

𝑝(𝑎3, 𝑎4)

𝑝(𝑎2, 𝑏3, 𝑏4)  𝑝(𝑎5, 𝑐2, 𝑐3)

∑ 𝑝(𝐴𝑖 = 1)

5

𝑖=1

≤ 2

∑ 𝑝(𝐴′𝑖 = 1)

7

𝑖=1

≤ 3
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𝐴1

𝑝(𝑎1, 𝑎′7, 𝑎′6, 𝑎′5, 𝑎′4, 𝑎′
3, 𝑎5) =

=
𝑝(𝑎1, 𝑎′7, 𝑎5)𝑝(𝑎′7, 𝑎′6, 𝑎5)𝑝(𝑎′6, 𝑎′5, 𝑎5)𝑝(𝑎′5, 𝑎′4, 𝑎5)𝑝(𝑎′4, 𝑎′3)

𝑝(𝑎′7, 𝑎5)𝑝(𝑎′6, 𝑎5)𝑝(𝑎′5, 𝑎5)

𝑝(𝑎1, 𝑎2, 𝑎3, 𝑎4, 𝑎′2) =
𝑝(𝑎1, 𝑎2, 𝑎′2)𝑝(𝑎2, 𝑎3, 𝑎′2)𝑝(𝑎3, 𝑎4, 𝑎′2)

𝑝(𝑎2, 𝑎′2)𝑝(𝑎3, 𝑎′2)
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𝐴 𝐵 𝐶 �̂� �̂� �̂�

|𝜓⟩ 𝑝(𝑎, 𝑏, 𝑐) = ⟨𝜓|𝑃𝑎𝑃𝑏𝑃𝑐|𝜓⟩ 𝑃𝑎 , 𝑃𝑏, 𝑃𝑐

�̂� �̂� �̂�

𝑎, 𝑏 𝑐

𝑝(𝑎1, 𝑎2, 𝑎3, 𝑎4, 𝑎5, 𝑏1) =
𝑝(𝑎1, 𝑎5, 𝑏1)𝑝(𝑎1, 𝑎2, 𝑏1)𝑝(𝑎2, 𝑎3)

𝑝(𝑎1, 𝑏1)

𝑝(𝑎4, 𝑏2, 𝑏3, 𝑏4, 𝑏5, 𝑏6, 𝑏7, 𝑏8, 𝑏9) =

=
𝑝(𝑏2, 𝑏3, 𝑎4)𝑝(𝑏3, 𝑏4, 𝑎4)𝑝(𝑏4, 𝑏5, 𝑎4)𝑝(𝑏5, 𝑏6, 𝑎4)𝑝(𝑏6, 𝑏7, 𝑎4)𝑝(𝑏7, 𝑏8, 𝑎4)𝑝(𝑏8, 𝑏9)

𝑝(𝑏3, 𝑎4)𝑝(𝑏4, 𝑎4)𝑝(𝑏5, 𝑎4)𝑝(𝑏6, 𝑎4)𝑝(𝑏7, 𝑎4)
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𝐴1 𝐴2

𝐵1 𝐵2 𝐶1 𝐶2

{𝐴𝑖, 𝐵𝑗} {𝐴𝑖, 𝐶𝑘} {𝐵𝑗 , 𝐶𝑘}

{𝐴1, 𝐴2} {𝐵1, 𝐵2} {𝐵1, 𝐵2}

𝛽(𝐴1, 𝐴2, 𝐵1, 𝐵2) = 𝑃(1,1|𝐴1, 𝐵1) + 𝑃(−1, −1|𝐴1, 𝐵1) + 𝑃(1,1|𝐴1, 𝐵2) +

𝑃(−1, −1|𝐴1, 𝐵2) + 𝑃(1,1|𝐴2, 𝐵1) + 𝑃(−1, −1|𝐴2, 𝐵1) + 𝑃(1, −1|𝐴2, 𝐵2) +

𝑃(−1,1|𝐴2, 𝐵2) ≤
𝐿𝐻𝑉

3

𝛽(𝐴1, 𝐴2, 𝐶1, 𝐶2) = 𝑃(1,1|𝐴1, 𝐶1) + 𝑃(−1, −1|𝐴1, 𝐶1) + 𝑃(1,1|𝐴1, 𝐶2) +

𝑃(−1, −1|𝐴1, 𝐶2) + 𝑃(1,1|𝐴2, 𝐶1) + 𝑃(−1, −1|𝐴2, 𝐶1) + 𝑃(1, −1|𝐴2, 𝐶2) +

𝑃(−1,1|𝐴2, 𝐶2) ≤
𝐿𝐻𝑉

3
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𝐺1 𝐺2
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𝑝1(𝑎1, 𝑎2, 𝑏1, 𝑐2) 𝑝2(𝑎1, 𝑎2, 𝑏2, 𝑐1)

𝑝1 𝑝2

𝑃(1,1|𝐴1, 𝐵1) + 𝑃(−1, −1|𝐴1, 𝐵1) + 𝑃(1,1|𝐴2, 𝐵1) + 𝑃(−1, −1|𝐴2, 𝐵1) +

𝑃(1,1|𝐴1, 𝐶2) + 𝑃(−1, −1|𝐴1, 𝐶2) + 𝑃(1, −1|𝐴2, 𝐶2)

+ 𝑃(−1,1|𝐴2, 𝐶2) ≤
𝑁𝐻𝑉

3

𝑃(1,1|𝐴1, 𝐶1) + 𝑃(−1, −1|𝐴1, 𝐶1) + 𝑃(1,1|𝐴2, 𝐶1) + 𝑃(−1, −1|𝐴2, 𝐶1) +

𝑃(1,1|𝐴1, 𝐵2) + 𝑃(−1, −1|𝐴1, 𝐵2) + 𝑃(1, −1|𝐴2, 𝐵2)

+ 𝑃(−1,1|𝐴2, 𝐵2) ≤
𝑁𝐻𝑉

3

𝑝1(𝑎1, 𝑎2, 𝑏1, 𝑐2) =
𝑝(𝑎1, 𝑏1, 𝑐2)𝑝(𝑎2, 𝑏1, 𝑐2)

𝑝(𝑏1, 𝑐2)

𝑝2(𝑎1, 𝑎2, 𝑏2, 𝑐1) =
𝑝(𝑎1, 𝑏2, 𝑐1)𝑝(𝑎2, 𝑏2, 𝑐1)

𝑝(𝑏2, 𝑐1)

𝑃(1,1|𝐴1, 𝐵1) + 𝑃(−1, −1|𝐴1, 𝐵1) + 𝑃(1,1|𝐴2, 𝐵1) + 𝑃(−1, −1|𝐴2, 𝐵1) +

𝑃(1,1|𝐴1, 𝐶2) + 𝑃(−1, −1|𝐴1, 𝐶2) + 𝑃(1, −1|𝐴2, 𝐶2) + 𝑃(−1,1|𝐴2, 𝐶2) +

𝑃(1,1|𝐴1, 𝐶1) + 𝑃(−1, −1|𝐴1, 𝐶1) + 𝑃(1,1|𝐴2, 𝐶1) + 𝑃(−1, −1|𝐴2, 𝐶1) +

𝑃(1,1|𝐴1, 𝐵2) + 𝑃(−1, −1|𝐴1, 𝐵2) + 𝑃(1, −1|𝐴2, 𝐵2) + 𝑃(−1,1|𝐴2, 𝐵2) ≤
𝑁𝐷

6

𝛽(𝐴1, 𝐴2, 𝐵1, 𝐵2) + 𝛽(𝐴1, 𝐴2, 𝐶1, 𝐶2) ≤
𝑁𝐷

6
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{𝐴1, … , 𝐴5}

𝐴𝑖 𝐴𝑖+1

{𝐵1, 𝐵2}

𝐵𝑗

𝐴𝑖

+1 −1

𝐴𝑖 𝐴𝑖+1

𝑖 ∈ ℤ5 𝑗 = 1,2

〈𝐴𝑖𝐴𝑖+1〉, 〈𝐴𝑖𝐵𝑗〉, 〈𝐴𝑖𝐴𝑖+1𝐵𝑗〉

𝐴𝑖 , 𝐴𝑖+1)

𝐴𝑖 , 𝐵𝑗)
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𝐴𝑖+1 𝐴𝑖−1

𝜅𝐴 = 〈𝐴1𝐴2〉 + 〈𝐴2𝐴3〉 + 〈𝐴3𝐴4〉 + 〈𝐴4𝐴5〉 + 〈𝐴5𝐴1〉 ≥
𝑁𝐶𝐻𝑉

− 3

𝛽𝐴𝐵 = 〈𝐴𝑖+1𝐵1〉 + 〈𝐴𝑖+1𝐵2〉 + 〈𝐴𝑖−1𝐵1〉 − 〈𝐴𝑖−1𝐵2〉 ≥
𝐿𝐻𝑉

− 2

𝐶(𝑖) = 〈𝐴1𝐴2〉 + 〈𝐴2𝐴3〉 + 〈𝐴3𝐴4〉 + 〈𝐴4𝐴5〉 + 〈𝐴5𝐴1〉 + 〈𝐴𝑖+1𝐵1〉

+ 〈𝐴𝑖+1𝐵2〉 + 〈𝐴𝑖−1𝐵1〉 − 〈𝐴𝑖−1𝐵2〉 ≥
𝑁𝐶𝐻𝑉

− 5
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𝐶1
(𝑖)

𝐶2
(𝑖)

𝐶1
(𝑖)

𝐶2
(𝑖)

𝐶1
(𝑖)

𝐶2
(𝑖)

𝐶1
(𝑖)

𝐶1
(𝑖)

+ 𝐶2
(𝑖)

≥
𝑁𝐶𝐻𝑉

−5

𝐶1
(𝑖)

= 〈𝐴𝑖+1𝐵1〉 + 〈𝐴𝑖+1𝐴𝑖+2〉 + 〈𝐴𝑖+2𝐴𝑖−2〉 + 〈𝐴𝑖−2𝐴𝑖−1〉 + 〈𝐴𝑖−1𝐵1〉

𝐶2
(𝑖)

= 〈𝐴𝑖+1𝐴𝑖〉 + 〈𝐴𝑖−1𝐴𝑖〉 + 〈𝐴𝑖+1𝐵2〉 − 〈𝐴𝑖−1𝐵2〉

𝐶1
(𝑖)

≥
𝑁𝐷

−3

𝐶2
(𝑖)

≥
𝑁𝐷

−2
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𝐶2
(𝑖)

𝑝(𝑎𝑖) = 𝑝(𝐴𝑖 = 𝑎𝑖)

𝑝(𝑎𝑖−1, 𝑎𝑖) 𝑝(𝑎𝑖−1, 𝑎𝑖, 𝑎𝑖+1, 𝑏2)

∑ 𝑝(𝑎𝑖−1, 𝑎𝑖 , 𝑎𝑖+1, 𝑏2)

𝑎𝑖+1,𝑏2

= ∑ (∑
𝑝(𝑎𝑖, 𝑎𝑖−1, 𝑏2)𝑝(𝑎𝑖, 𝑎𝑖+1, 𝑏2)

𝑝(𝑎𝑖 , 𝑏2)
𝑎𝑖+1

)

𝑏2

=

  ∑ 𝑝(𝑎𝑖, 𝑎𝑖−1, 𝑏2)

𝑏2

= 𝑝(𝑎𝑖−1, 𝑎𝑖)

𝑝(𝑎𝑖+1, 𝑎𝑖)

∑ 𝑝(𝑎𝑖−1, 𝑎𝑖 , 𝑎𝑖+1, 𝑏2)

𝑎𝑖−1,𝑏2

= ∑ (∑
𝑝(𝑎𝑖, 𝑎𝑖−1, 𝑏2)𝑝(𝑎𝑖, 𝑎𝑖+1, 𝑏2)

𝑝(𝑎𝑖 , 𝑏2)
𝑎𝑖−1

)

𝑏2

=

∑ 𝑝(𝑎𝑖, 𝑎𝑖+1, 𝑏2)

𝑏2

= 𝑝(𝑎𝑖+1, 𝑎𝑖)

𝐶1
(𝑖)

𝐶2
(𝑖)

𝑝(𝑎𝑖+1, 𝑎𝑖+2, 𝑎𝑖−1, 𝑎𝑖−2, 𝑏1) =
𝑝(𝑎𝑖+1, 𝑎𝑖+2, 𝑏1)𝑝(𝑎𝑖+1, 𝑎𝑖−2, 𝑏1)𝑝(𝑎𝑖−1, 𝑎𝑖+2, 𝑏1)

𝑝(𝑎𝑖+2, 𝑏1)𝑝(𝑎𝑖−2, 𝑏1)

𝑝(𝑎𝑖−1, 𝑎𝑖, 𝑎𝑖+1, 𝑏2) =
𝑝(𝑎𝑖, 𝑎𝑖−1, 𝑏2)𝑝(𝑎𝑖, 𝑎𝑖+1, 𝑏2)

𝑝(𝑎𝑖, 𝑏2)

∑ 𝑝(𝑎𝑖 , 𝑎𝑖+1, 𝑏2)

𝑎𝑖+1

= ∑ 𝑝(𝑎𝑖, 𝑎𝑖−1, 𝑏2)

𝑎𝑖−1

= 𝑝(𝑎𝑖, 𝑏2)

𝐶1
(𝑖)

+ 𝐶2
(𝑖)

≥
𝑁𝐷

−5
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𝜅𝐴 + 𝛽𝐴𝐵 ≥
𝑁𝐷

−5
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{𝐴𝑖}

{𝐵𝑖}
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