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Abstract

Knowledge of the spatial variability of the water table level in aquifers that are scarcely
monitored provides information to understand the aquifer behaviour at different locations of
the basin. This information becomes more important in basins that are under the threat of
over-pumping where the water table level has fallen significantly. The spatial distribution
feedback gives the potential to identify vulnerable locations. The spatial variability of the
water table level in this work is based on hydraulic heads measured during the wet period of
the hydrological year 2007-2008, in Mires basin of the Messara valley in Crete, Greece. Three
different approaches are used to estimate the spatial variability of the water table level in the
basin. All of them are based on Kriging methodology. The first is the classical Ordinary
Kriging approach, the second involves information from a secondary variable in terms of
Residual Kriging and the third calculates the probability to lie below a certain groundwater
level limit that could cause significant problems in groundwater resources availability. The
latter is achieved by means of Indicator Kriging. A recently developed non-linear
normalization method is used to transform both data and residuals closer to normal
distribution for improved prediction results. In addition the recently developed Spartan
variogram model is applied to determine the spatial dependence of the measurements. The
latter proves to be the optimal model, compared to a series of models tested, that provide in
combination with the Kriging methodologies the most accurate cross validation estimations.
Groundwater level and probability maps are developed providing the opportunity to assess the
spatial variability of the groundwater level in the basin and the risk that certain locations have
in terms of a safe groundwater level limit that has been set for the sustainability of the
groundwater resources of the basin.

Keywords: Messara valley, groundwater, interpolation, Indicator Kriging, risk assessment,
Spartan variogram

Introduction

The accurate mapping of groundwater levels in an aquifer is important for effective
management and monitoring decisions. However, the number and spatial distribution of
hydraulic head measurements are not always sufficient to accurately represent the
groundwater level in a given aquifer. Estimates at unsampled locations can be obtained by
applying geostatistical methods to the available data in order to reliably map the free surface
of the aquifer. In sparsely monitored basins, accurate mapping of the spatial variability of
groundwater level requires the interpolation of scattered data. This work presents the
application of Ordinary Kriging, Residual Kriging, and Indicator Kriging to predict the
groundwater level spatial variability as well as the associated risk considering the set aquifer
level limit (25 meters above sea level) respectively in a sparsely gauged basin.
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Ordinary Kriging (OK) bases its estimates at unsampled locations only on the sampled
primary variable. OK interpolation is widely used to determine the spatial variability of
groundwater levels in hydrological basins e.g., (Theodossiou and Latinopoulos 2006; Ahmadi
and Sedghamiz 2007; Nikroo et al. 2009; Sun et al. 2009; Varouchakis and Hristopulos
2013a). Alternatively, Residual Kriging (RK) and Kriging with External Drift (KED),
embody secondary information in a drift term. KED and RK are practically equivalent but
differ in the methodological steps used (Hengl et al. 2003; Hengl 2007). RK has been applied
to the interpolation of water table elevation using deterministic trend models that include e.g.:
a) space polynomials (Neuman and Jacobson 1984) b) the topographic elevation and the
topographic index (Desbarats et al. 2002; Varouchakis and Hristopulos 2013b), ¢) numerical
solutions for the hydraulic head field (Rivest et al. 2008) and d) rainfall data (Moukana and
Koike 2008).

Indicator Kriging (IK) has been widely used for the risk assessment of pollutants
concentrations in ground and surface waters that led to significant decisions regarding the
prevention and/or remediation of certain sites (Liu et al. 2004; Arslan 2012; Anane et al.
2014). However, it can be also applied for the risk assessment of groundwater level spatial
distribution in arid areas or in those with high aquifer pumping.

Area of Study

The present research focuses on Mires basin of the Messara Valley (Fig. 1) at the island of
Crete (Greece). The study area is a sparsely sampled basin that has limited groundwater
resources which are vital for the area’s ecosystem and agriculture. Knowledge of the spatial
variations of groundwater level is important for developing sound management and
monitoring strategies. Over-exploitation during the past 30 years has led to a dramatic
decrease, in excess of 35 m, of the groundwater level. Efficient groundwater management in
the basin is crucial in light of predictions based on regional climate change models that show
a substantial risk of desertification for Crete. In this work accurate spatial models of the
basin’s groundwater level are generated that help to identify the susceptible locations and to
provide input for potential groundwater resources management plans. The data used in this
research consist of 42 hydraulic head measurements (wet period of 2007-2008 hydrological
year) from the 70 monitoring locations that operate in the basin which are unevenly
distributed and mostly concentrated along a temporary river. The range of hydraulic heads
varies from an extremely low value of 11.45 meters above sea level (masl) to 72.93 masl. An
initial statistical analysis shows that the head data have skewness and kurtosis coefficients

~

equal to §,=0.76 and k, =2.80 respectively, implying a mild deviation from Gaussian

statistics (§, =0 and IZZ = 3 respectively).
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Figure 1. Map of Greece showing the Messara Catchment (black ellipse) in Crete and the Mires basin
locations accompanied by a topographic map showing the locations of groundwater head measurement
in Mires basin along with the corresponding surface elevation and the temporary river path.

Methodology

Skewed or erratic data can often be made more suitable for geostatistical modeling by
appropriate transformation. A normal distribution for the variable under study is desirable in
linear geostatistics (Clark and Harper 2000). Even though normality may not be strictly
required, serious violation of normality, such as too high skewness and outliers, can impair
the variogram structure and the Kriging results (Gringarten and Deutsch 2001; Mcgrath et al.
2004). Ordinary Kriging is well-known to be optimal when the data have a multivariate
normal distribution. Transformation of data therefore may be required before Kriging to
normalize the data distribution, suppress outliers and improve data stationarity (Deutsch and
Journel 1992; Armstrong 1998). The estimation then is performed in the Gaussian domain
before back-transforming the estimates to the original domain. An advantage of the Gaussian
distribution is that spatial variability is easier to be modelled because it reduces effects of
extreme values providing more stable variograms. (Goovaerts 1997; Armstrong 1998; Pardo-
Iguzquiza and Dowd 2005). Kriging represents variability only upto the second order moment
(covariance), so the random field of the transformed variable must therefore be Gaussian to
derived unbiased estimates at non-sampled locations (Deutsch and Journel 1992; Goovaerts et
al. 2005).
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A non-linear normalizing data transformation is applied in conjunction with Kriging for the
accurate prediction of groundwater level spatial variability. The Modified Box-Cox (MBC)
transformation method has recently been proposed and applied successfully to normalize
hydraulic heads and residuals (Varouchakis et al. 2012). Besides the classical OK
interpolation, the prediction of the hydraulic head spatial variability is also performed using
RK by incorporating local geographic features, such as the ground surface elevation in the
trend function. Previous studies have shown that incorporating such auxiliary information in
the trend function improves the accuracy of the spatial interpolation (Varouchakis 2012).
Evaluation of the performance and interpolation errors of OK and RK in the estimation of
water level elevation can be achieved by means of leave-one-out cross validation.

In the following, it is assumed that the hydraulic head is represented by a spatial random field
(SRF), which herein will be in generally denoted by Z (S, @), where o is the state index used

to denote that Z (S, ) is a realization from an ensemble of possible states (to be omitted for
brevity). The sampled field at the measurement points will be denoted by Z(s € S), where S
is the set of sampling points with cardinal number N. The values of the SRF in a given state
will be denoted by lower-case letters. The target is to derive estimates, 2(3 € P) of the head
at the prediction set points, P that lie on a rectangular grid that covers the basin. Therefore,
s.,1=1...,N denote the sampling points, z(s,) are the head values (in masl) at these
points, and S, denotes an estimation point, which is assumed to lie inside the convex hull of

the sampling network. For mapping purposes, it is assumed that S, moves sequentially
through all the nodes of the mapping grid.

Herein the interpolation estimates are kept within the convex hull of the sampling points. In
principle maps can be estimated over the entire study domain; however, this is equivalent to
extrapolation. Kriging can be used for extrapolation but the results outside the quadrilateral,
determined from the sampling locations boundaries, are often less accurate and subject to
higher uncertainty. In addition the variogram is determined by the measurements and
expresses the spatial dependence of the measured points. In performing extrapolation, it is
accepted that the variogram is valid outside the range of measurements. Therefore the
estimates inside the quadrilateral are more accurate and precise than those outside.

For spatial interpolation initially OK method is applied and then RK in combination with
MBC normalizing transformation. In the first approach, a normalizing transformation g(-) is
applied to the data. Then, OK is used to predict the transformed field Y (s) =g (Z(s)) , and

the predictions are back-transformed to obtain head estimates. In the second approach, a trend
model m,(S) is introduced that captures local features. Since the fluctuation SRF,

Z'(s)=2(s)—m,(s), is non-Gaussian, a transformation g(-) is applied to obtain a
normalized SRF, Y(S)=g (Z'(s)), the experimental variogram is then estimated and is fitted
to theoretical models. Next, the Gaussian field \f(s € P) is estimated at the prediction points

using OK. Finally, head estimates are retrieved from YA(SE P) by applying the back-

transformation and adding the trend. Leave-one-out cross-validation analysis is used to
determine the optimal spatial model and to assess the accuracy of the interpolated head field.
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Spatial models

Linear interpolation methods such as OK and RK are examined for mapping spatial
groundwater level variability. In spatial linear interpolation methods, it generally holds that,

2(So) = Z{i:sieSo}i' 2(s)), (1)

where S; is the set of sampling points in the search neighborhood of s, . The neighborhood

is empirically chosen so as to optimize the cross validation measures. The weights 4; are

obtained by minimizing the mean square estimation error conditionally on the zero-bias
constraint (Cressie 1993), and they depend on the variogram model y,(r) (Deutsch and

Journel 1992). The OK estimation variance is given by the following equation, with the
Lagrange coefficient x compensating for the uncertainty of the mean value:

GE(SO):Z{i:sieso}ﬂ" ]/Z(Si,SO)-‘rﬂ. (2)

Overall OK variance is termed as the weighted average of variograms from the new point s,
to all calibration points s, plus the Lagrange multiplier.

RK combines a trend function with interpolation of the residuals. In RK the estimate is
expressed as:

Z(sy) = M, (S,) +2'(s,) , (3)

where m, (S,) is the trend function, and Z'(s,) is the interpolated residual by means of OK
(Rivoirard 2002). Typically, the trend function is modeled as:

MG =3 A,0,06) 4.6 =1 ()

where ¢, (S,) are the values of auxiliary variables at s,, S, are the estimated regression

coefficients and p is the number of auxiliary variables (Draper and Smith 1981; Hengl 2007;
Hengl et al. 2007). Auxiliary variables could include polynomials of the data coordinates
(x,y). The regression coefficients are estimated from the sample using ordinary least squares
(OLS) (Kitanidis 1993). The variance of the estimates follows from the equation (Hengl et al.
2003; Hengl 2007):

O'Z(So) :O-d2 (So)"'o-? (S0), (5
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where &2 (s,) is the drift prediction variance, and o (s,) is the Kriging (OK) variance of
residuals.

Modified Box-Cox (MBC)

This new method focuses on normalizing the skewness and kurtosis coefficients of the data,
but it neglects higher-order moments (Varouchakis and Hristopulos 2013b). It is defined by
the following function,

(z —7 + k22)kl -1
kl

Y= Oyec (%) = K = (k, k,), (6)

where Kk is the power exponent and Kk, is an offset parameter. Use of the latter allows
negative z values and so the transformation can be applied to fluctuations as well. Parameters
(k,,k,) are estimated from the numerical solution of the equations §, =0,k, =3, where §,

and IZZ are the sample skewness and kurtosis coefficients respectively,

where M, is the sample mean, M, is the sample’s median and o, the standard deviation.

The minimization is performed using the Nelder-Mead simplex optimization method (Nelder
and Mead 1965; Press et al. 1992). The application of the methodology to the initial head
dataset improves their normality (Tab. 1).

Table 1. Normalization results using Modified Box-Cox (MBC) transformation: skewness coefficient
§, ; kurtosis coefficient K, .

5, K
Initial head data 0.76 2.80
MBC -0.15 2.99

Spatial dependence

The variogram is commonly used in geostatistical analysis to measure the spatial dependence
between neighboring observations. The omnidirectional empirical (experimental) variogram
of the hydraulic head and of the residuals is determined using the method of moments. The
empirical variogram is fitted with isotropic classical models, the Matérn model (Goovaerts
1997), and the new family of Spartan variograms (Hristopulos 2003; Hristopulos and Elogne
2007).
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Spartan Spatial Random Fields (SSRFs) are a geostatistical model (Hristopulos 2002;
Hristopulos 2003) inspired from statistical field theory with applications in environmental
risk assessment and environmental monitoring (Elogne et al. 2008; Elogne and Hristopulos
2008; Hristopulos and Elogne 2009). SSRFs are generalized Gibbs random fields with an
energy functional that is based on local interactions between the field values. The term
Spartan indicates parametrically compact model families that involve a small number of
parameters. SSRFs provide a new class of generalized covariance functions. The SSRFs
covariance functions can be used for spatial interpolation with the classical Kriging
estimators. Spartan covariance and variogram functions have been applied to various
environmental data sets (Elogne et al. 2008, Varouchakis and Hristopulos 2013b). Herein, the
Spartan covariance derived for d = 3 dimensions is applied. The Spartan parameters can be
estimated by fitting the SSRFs variogram to the empirical variogram estimator. The Spartan
covariance functions in d = 3 dimensions are expressed as follows (Hristopulos and Elogne
2007):

7, e {sin(hﬂl)} ; ) o
Cforlp|<2, ote—
2n|nF -4l hA, ' 22 |n% 4|
~h
C,(h) = % forp, = 2, o g:[ . @®)
N (e_hwl _e_hwz) f 2 o
, forp>2 of=— 2o
477((‘)2_601)h\/|7712_4| 471'\/|7712_4|

In the above, 7, is the scale factor, 7, is the rigidity coefficient, S :|2—77l 1I2/2 is a

1/2

dimensionless wavenumber, S, =[2+7,["* /2 and @, = (|771+A|/2 —| —4|

dimensionless damping coefficients, & is a characteristic length, h = r/g is the normalized
lag vector, h=|h| is its Euclidean norm and o7 is the variance. A covariance function that is

permissible in three spatial dimensions is also permissible in two dimensions (Christakos
1991). Hence, it can be used in two dimensions. The exponential covariance is recovered for

1,= 2, while for |771| < 2 the product of the exponential and hole-effect model is obtained.

Trend Modeling of Hydraulic Head in Mires Basin

Below a trend model for Mires basin is presented. Following other studies, secondary
information in the trend is considered from a Digital Elevation Model (DEM) of the area
(Hoeksema et al. 1989; Deutsch and Journel 1992; Goovaerts 1997; Desbarats et al. 2002;
Rivest et al. 2008; Nikroo et al. 2009). The correlation coefficient of the groundwater level
and the ground surface elevation in Mires basin is calculated at 0.65, a value that is
characterized as important (Tichy 1993). The following expression for the trend of the
hydraulic head (in masl) is proposed (T-DEM):

m,(s)= fDEM(s)+c, (9)
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where f,C are linear coefficients and DEM (S) is the local DEM value. The residuals of the

trend model also display deviations from normality that are reduced by means of the MBC
transformation (Tab. 2).

Table 2. Skewness S, and kurtosis K, coefficients of trend models residuals following modified Box-
Cox (MBC) normalization

s, K,
Residuals 0.35 25
MBC -0.10 3.0

Indicator Kriging

IK (Goovaerts 1997) is a non-parametric geostatistical method for estimating the probability
of a variable to exceed or lie below a specific threshold value at a given location. In this work,
IK is applied for mapping the risk associated with a specified groundwater level limit that
could lead to significant problem of groundwater availability. IK is applied to determine the
conditional probability at unsampled points based on the spatial dependence structure of
indicator-transformed data points with a binary distribution (e.g. 0 and 1). IK proceeds as the
classical Ordinary Kriging (the main change is the choice of a cutoff value) with the difference
that results is now maps with values between 0 and 1 expressing probability a condition to
apply. Indicator variogram analysis is also performed using the models and the procedure
previously stated for OK and RK (Isaaks and Srivastava 1989).

This method does make assumptions regarding the variables distribution and has the ability to
take into account, to a large extent, the uncertainty of the data. The IK is based on the
conversion of all of our data from continuous to a binary form according to a specific
threshold value. This value can be either a percentile of our data or default value of marginal
importance for the system under study. Subsequently, data with values below the threshold
take a value of 1, while the remaining taking a value of 0.

1, z(s) <7
0, otherwise '

1 (2(s)) :{ (10)

where, 1(z(s)) is a binary variable, z(s) is the measured value and z is the cut-off
(threshold) value.

Indicator Kriging is a geostatistical method best suited for issues that involve a threshold
value (Isaaks and Srivastava 1989; Goovaerts 1999; Webster and Oliver 2001). However,
most practical problems that require indicator techniques require well-chosen threshold which
have a special significance to the problem being addressed. Probability maps delineate
suitable and unsuitable sites regarding the examined issue while, help to take decisions to
prevent and/or remediate a site compared to locations with reduced or no risk.

The method proceeds as follows: a) convert the given values to indicators: divide the range
evenly or based on different quintiles (qo.2s; Qo.so; Jo.75), b) estimate the indicator variogram, c)
apply Kriging using the usual equations and obtain predictions. On the other hand the
methodology has a set of disadvantages such as it will not necessarily provide probabilities to
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add up to 1 and sometimes the prediction may end up beyond interval [0, 1] (e.g. Kriging
occasionally provides negative weights-screening effect).

Results and Discussion

The performance of the Kriging-based geostatistical models is evaluated by using the leave
one out cross validation technique that is usually applied in small datasets (Witten et al.
2011). A series of well known statistical measures is employed to compare the true and
estimated values of the cross-validation procedure, such as the correlation coefficient R, the
Mean Absolute Error (MAE), the Root Mean Square Error (RMSE) and the Mean Absolute
Relative Error (MARE).

The general approach that is used for interpolation applies a normalizing transformation
followed by OK on the transformed variable, and it finally back-transforms the predictions. In
terms of the spatial model that considers the head data the parameters of the theoretical
variogram models tested (Gaussian, Exponential, Linear, Spartan, Matérn, Spherical, and
Power-law) are obtained by least squares fitting to the experimental omnidirectional
variogram of the transformed hydraulic head. The Spartan model gives the best fit in terms of
cross validation results (Tab. 3) while the Spherical and the Matérn variogram come close.

Table 3. Cross validation measures for spatial MBC-OK model with optimal variograms: MBC & OK:
Ordinary Kriging with modified Box-Cox transformation of data and back-transformation. SP: Spartan
variogram. SPH: Spherical variogram. M: Matérn variogram.

Method Variogram MAE BIAS MARE RMSE R
model (masl) (masl) (masl)
SP 5.32 0.03 0.17 7.20 0.90
MBC & SPH 5.41 0.08 0.17 7.43 0.90
OK
M 5.65 0.04 0.18 7.70 0.89

In the case of spatial model with trend component RK is applied. RK combines a trend
function with interpolation of the residuals. The omnidirectional experimental variogram is
calculated by applying the method of moments to the transformed residuals of the T-DEM
model. The MBC transformation is used to normalize the residuals (Tab. 2). The Spartan
variogram model (Fig. 2) again provides the best fit in terms of cross validation results (Tab.
4). The Spherical variogram provides similar results to the Spartan model while third best is
the Matérn model.

Table 4. Cross validation measures for spatial MBC-RK-T-DEM model with optimal variograms:
trend using DEM surface elevation. MBC & RK: Residual Kriging with modified Box-Cox
transformation of residuals and back-transformation. SP: Spartan variogram. SPH: Spherical
variogram. M: Matérn variogram.

Method Variogram MAE BIAS MARE RMSE R
model (masl) (masl) (masl)
SP 4.27 0.07 0.15 5.90 0.91
MBC & SPH 4.46 0.05 0.15 6.23 0.90
RK
M 4.75 0.08 0.16 6.50 0.88
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The MBC-RK approach improves significantly the mean absolute prediction error (4.27 masl)
by over 1 m compared to the MBC-OK (5.32 masl) approach. In addition the other estimation
measures are at least similar (BIAS) but mostly improved (RMSE, R, MARE). Considering
overall the cross validation measures the estimates based on the Spartan model prevails
compared to the other two optimal models.

The least squares sum for each fitted variogram model is considered, which is an index of
optimal fitting, for selecting the optimal variogram model with Indicator Kriging
interpolation. Spartan model achieves the best fit (Fig. 3) over the range of lags considered
providing a value of 0.023 compared to 0.029 for the spherical and 0.031 for the Matérn
models.

The T-DEM trend model with RK and the IK methodology are applied to estimate the
groundwater level and the probabilities of groundwater level to lie below a threshold value on
a 100 x 100 grid defined in normalized coordinate space (actual cell size: 114 x 47 m). In
addition the uncertainties of the estimations are also determined on a same grid size.
Estimates are obtained only at points that lie inside the convex hull of the measurement
locations (7317 grid points). The contour maps in physical space are shown in figures 4 to 7.
The residuals of the T-DEM model are interpolated using the Spartan variogram model (Fig.

2) with the following optimal parameter values: o= 17.77, &=0.27 (in normalized units),
n, =-1.99 while the indicators applying the Spartan variogram model (Fig. 3) with optimal

parameter values: o>= 0.25, &=0.26 (in normalized units), 77, =-1.90. The optimum search

radius used with the Spartan model (determined by the leave-one-out cross validation test) is
equal to 0.38 (normalized units) for both models. Near the origin and at intermediate
distances, which are crucial for the interpolation, the Spartan model fitting is very good and

overall follows the trend of the experimental variogram. The negative values of 7, causes a

negative hole effect in the Spartan correlation (Zukovi¢ and Hristopulos 2008) that can be
observed in both variogram figures (Fig. 2 and Fig. 3).

35 . . . . .

variogram
- - -] I
[— @ [— @

&n
T

[lu ' 0.05 0.1 0.15 0.2 0.25 0.3
Normalized Lag

Figure 2. Plot of omnidirectional variogram of residuals (stars) after applying MBC normalization and

the best-fit Spartan variogram (SP) model fit (dashed line). The residuals are derived by applying to the

trend the ground surface elevation (T-DEM)
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Figure 3. Indicator omnidirectional variogram and the best-fit Spartan semivariogram (SP) model fit
(dashed line).
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Figure 4. Map of estimated groundwater level in the Mires basin using MBC-RK-T-DEM spatial
model, adapted on the real basin coordinates and location in the valley (circles denote the monitoring
locations and solid black line the temporary river path).
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Figure 5. Map of estimated groundwater level standard deviation in the Mires basin using MBC-RK-T-
DEM spatial model, adapted on the real basin coordinates and location in the valley (circles denote the
monitoring locations and solid black line the temporary river path).
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Figure 6. Map of estimated probabilities in the Mires basin using IK, adapted on the real basin
coordinates and location in the valley (circles denote the monitoring locations and solid black line the
temporary river path).
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Figure 7. Map of estimated probabilities standard deviation in the Mires basin using IK, adapted on
the real basin coordinates and location in the valley (circles denote the monitoring locations and solid
black line the temporary river path).

The groundwater level map of the basin (Fig. 4) presents the spatial variability of the
groundwater level that changes from East towards West direction following the ground
surface elevation trend (Fig. 1). The higher levels are met at the East of the basin while the
lowest towards the West. The error map (Fig. 5) identifies the locations of the Mires Basin
with the largest Kriging standard deviation. Hence, the borders of the basin can benefit from
further sampling according to RK standard deviation results. Indicator Kriging predictions
(Fig. 6) shows that in the center and towards the West borders of the basin the risk of the
aquifer level to decline below the set 25 m threshold is significant. Probabilities are increased
closer to the river path than higher away. The dependence is reasonable considering that the
agricultural activity in the area is concentrated along the temporary river.

Conclusions

The optimal spatial interpolation approach for the spatial variability of the groundwater level
in Mires basin is based on Residual Kriging with the Spartan variogram model applied to the
normalized (MBC) fluctuations. The present findings are supported by the results of cross
validation analysis. In addition, risk maps based on IK identify the vulnerable areas of the
basin that require intense monitoring and remedial actions to avoid further decline of the
aquifer. These are located at the west part of the basin mainly along the river path. The newly
developed MBC transformation method shows an excellent behaviour transforming both data
and residuals closer to normal distribution. In addition the Spartan variogram model has an
excellent fit to the experimental variogram of the data, residuals and indicators following
closely their trend. Thus, it constitutes a reliable alternative to assess the spatial dependence
of groundwater level data in interpolation studies.
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