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SUMMARY

Scheffé (1963} introduced the Simplex-Centroid Design. Lambrakis
(1966) introduced the idea of a modification to this design in which the
mixtures of one component, pure mixtures, are replaced by mixtures
of q-1 components with equal proportions, (q-1) - nary mixtures. He
produced results for the quadratic and cubic cases. In this paper the
modification is extended to the quartic case.

1. INTRODUCTION

Scheffé {1963) introduced and developed the Simplex-Centroid
Design. The main features of this design, in a ¢-component mixture

in which the proportions x,, x,, . ..., x; of the coponents are in the
simplex
q
2xi=1  x=0 (1.1)
1=1

are the centroid polynomial

q
7 :_ziaixi + Z‘<q ;XX + 2 XXXy e
1= q

15 15i<j<k=
+ Z Af g v 0o iy XigKiy =+ X5 (1..2)
1§il<i2<- L. <in§q 112 n 171y n
as a regressiou function, and the mixtures of one, two, three,..., q
components with equal proportions. These mixtures are to be used to
28
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estimate the coefficients in the polynomial (1.2). The purpose of this
design is the empirical prediction of the response to any mixture of the
components when the response depens donly on the proportions of the
components present but not on the total amount of the mixture.

Lambrakis (1966) introduced the idea of a modification to this
design. In this modification the mixtures of one component, pure mixtu-
res, are replaced by mixtures of q-1 components of equal proportions,
(q-1) - nary mixtures. He gave results for the quadratic and cubic cases.
The quadratic case was published in 1969 in the J. R. Statist. Soc., series
B, as a part of his paper entitled «An alternative to the simplex-lattice
design for experiments with mixturess. The cubic case remains unpubli-
shed in his Ph. D. Thesis.

In this paper the above mentioned modification is extended to
the quartic case and the results of the estimation are included.

2, TIIE QUARTIC GASE

the polynomial is
N = Z ax; + 2 anXin + 2. AKX Xy
150 < 1<i<j<k=q

+ Ay XXX X 2.4
1§i<12<k<1§q HRIHEI BT ( )

The mixtures to be used to estimate the coefficients in (2.1) are:
q (q—1y—mnary g (1=i=q) with proportions
X =Xy=—... =X ;=X —=... =X, =1/(q—1)
() binary uj; (1=i<j={q) with proportions x;=x; —"1/,,
(3) ternary wyy, (1=<i<j<k=q) with proportions x; == x; — x, =1/,
(1} quartenary fj; (1=i<j<k<I1<q) with proportions x;—x;=Xj =
X =4

Taking ryj, Tk, Tijx, T; observations for wyj, Wik, fiixt & respecti-

vely and substituting their observed means iy, W”k, fi]klv gy into (2.1)
we have the normal equatios

N 1 .. N 1 .

111]:-2— (ai+ aj)"l—fﬂjj (22)
A 1 . n . 1. n . 1 .
Wi =7 (& + &+ &)+ (&g + A + 85d + 55 e (2.3)
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A 1 n A A 1 A A A A A
fri = 7 (&4 &+ A3 &) + ¢ (A + g + by + A + p + by

1 .. o o 1
+ oz (g + A+ Ay + A + 756 Ay, (2.4)
~ 1 1 1

=t et — 1 g+ a
B1 q—1 1;%;.1 f (q—1)* 1<1§:s<q =t (g—1p 1gr<%<:§q et
i A7 J-RT 3

4 S Ay (2.5)

(a—1)¢ 1€r<sat<vSqg

s,

Solving the above system of normal equations, we obtain the least -
squares estimates of the coefficients

b= g LA~ 2) Zi—(g—1) 34 ]
~ e T (133 (g—1) Zir]
1536 "
t = a9 o oy H— 42— (@02
6lg—1)°
— e g 2 & (a—1)el (2.6)
iy =4 g — gy (20— 2) S0 — (q— 1) (T + To7)]
972 ~ A ~
Tt g AT 2V (@D (2 ¥+ )]
3072
—(q_mq_ﬁ’(q_&) —5 [20—9 i —(a—1)(ZF+3i7)]
T i g [2Ze—(a—1)(a+ 2] (2.7)

g —33(g—4) (g—

A = 27 Wiz — 12 (05 + Oy + )

g gy [BA—2) T —(q—1)(3 7 + 30 + 3 0%)]
1458 R . .
_m:@,[3((1‘3)2“’—((1—1)(2“'?4-ZWT+ZWE)]
4708 A A on L s
- {q—10ig—3) {q— &) (q_5)[3(q_‘,*)2f_(q—1)(2f1 + 21 +ka )]
18{q—1)*

ﬁﬁ_a)(q_é)(q_s)[BZQ—(qﬁi)(éi-{_é]+ék)]'l (2.8)
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g = 256 T i — 108 (W + Wijp + Wi + W)

4+ 32 (g + gy + Gy + O + Oy 4 Oy )

o [4((1 2) 20 —(q—1) (0 + 245 + 2l + 207 )]

1944

ST ICETINT = ; [4(9—3) YIW-—(q— 1) (W + ZW] + Zwg + 2w )]

6144

— ) (178 (g i g5 L4 i) (2HT + 217 + 2 +211)]

24 (q—1)?

+ (q—3) (q— &) {q—3) (428 —(qa—1)(g+ 2+ &+ &1)] (2.9)
Where
A q fal
2.8=2 8
i=1
Sh= > 0y Jh= 3 iOs(v=1j,k]1)
1=i<j=g 1=r<ssq
T8y
W= Ai'9 Av: Wes :i,.,k,l
2w 1§j<42:k§qw']k 2% 1§r<§<t§qwmt(v ) )
T8ty
f= b, S H5= i =i, j,k,1).
St=_ 2 hw Zh= 3 few 0=ii k)
ratyy

Substituting the above least-squares estimates into (2.1) and col-

lecting terms, we obtain the estimated regression function

q A Ea
.7] :lg lgl + z a-ljﬁij + 1§i<]z<kgq AWk + Igiqz;kd;qaijklfﬁkl (210)
where
- fg—1)* _ _ 2 Yy, — _ 23y 2 3 __opyk
a; @37 =% (@5 [(1—33x2+85x%)x;—6(1—2> x)xi + 6x; —24x;]
- {g—1)° 2 3__ 4 212
+(q_3) eI [1 9> x24+ 145 x*—24 3 x* + 12(3 x*)?),

a5 = 4xixj|:2—5(xi + x5 + 4(xi + X )4 A (X + x4 D x?]

= 3 21 =3 Zx24+ 83 x%) x,—6( 1ﬁ22x2)xr+6xr——24xr]
T =1,

mq =95 x + 143 x* — 2 5 x4 + 12(3x*)]
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A = — 27 X X3 X [3— 4 (% + x5+ %) ]
81
TaTHa—o,

162
— D Ha—p 1~ aI X+ 1430 =24 x4 12 (T2,

2 [(1—33x+8T3x) x,—6(1 -23x?)x; + 6xi—24xi]

=1ijk

Ay — 256 X Xy XpX)

256
B C B YR TS rgz [(1-33x+83%%) x—6(1—23x?) xi + 6 x; — 24 x7]

Lj,k,1

768 2 - ]
TE-DE -9 (q=H—5) [1-q3xt+ 143 x%— 243 x4+ 12(3 x?)7]

q
Note that > x¥ stads for > x; where v=2,3, 4.
i=1

The above results can be applied for any q = 6.

A way of checking the above results is to substitute into (2.10)
the proportions of the mixtures used and see whether or not expression
(2.10) predicts the mean responses of the mixtures. Substituting into
(2.10) the proportions of the mixtures used, we verify that

B
L
R

ij a1 A1 ‘71
1 0 0 0 &,
0 1 0 0 i
0 0 1 0 Wik
0 0 0 1 fijt
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