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Abstract The cosine of the angle of refraction (cosh,) is tnvestigated for all possible
cases of propagalion of light: from one dielectric into another, from a dielectric into
a conductor, from one conductor tnlo anether conductor. In all these cases il is found
that cos, is represented by points lying in the fourth gquadrant of the complex plare
with limits corresponding lo the positive part of the real axzis and the negatice part of the
imaginary azis.

INTRODUCTION

To investigate interference effects in thin films due to multiple
reflections, the well known relation of the phase difference 8=-2@
is used. In that relation the quantity eos0, is not always real and in
most cases it is complex of the form cosb, = ¢ — id, where ¢ and 4 are
real quantities. It is important to know whether these quantities are
positive or negative especially in computer programmes dealing with
ellipsometry problems.

In the following an attempt is made to investigate all the possible
values of cosB, and to find the locus of the corresponding points in the
complex plane.

THEORY

a. Let us consider first the propagation of a plane wave from one
dielectric into another, both media assuming to be of infinite extent,
the surface of contact being the plane z = 0. In this case the law of
refraction 1s

n,sinl; == nysind, (1)
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or

cosl, = + { I— (—g—l sinﬁl)2 }]/2 {2}

2

When n,<<r, it is said that the second medium is optically denser than
the first one. Therefore, using the inequality

n, . 2
Asl—(-—-smel) -0 3)
ny
it follows that
cosby— 4V A (4)

In this case only the positive square root of A is taken into considera-
tion . Thus the position of cos0, in the complex plane is represented by
a point lying in the positive part of the real axis. (see Fig. 1, point {1)).

4im

J Re_

Fig. 1. Representation of cosy in the complex plane, Points (1},(2) and (3) represent
all the possible siluations of cosB,.

If however the second medium is optically less dense than the

first one (i.e. if n, > n,), one obtains a real value for cosl, ounly for
those incident angles 9, for which

M ind, = 1 ()
By

The angle 6, = 0., lor which sinb, = %2— , corresponds to the critical
1
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value of the angle of incidence. When 8, > 0, total reflection takes place.
In the latter case

ny .
—L sin0, > 1
g

or according to relation (2)

n, . 2
A=1— (?1 smﬂl) <0 6)

2
and

cosO, = ¢ VTzd_l {7)

In this case we consider only the negative value of Eq. (7). The choise
of the minus sign is dictated by the need to have a decreas.ng exponen-
tial dependence in the z direction for the transmitted wave 2. Thus the
position of eesfy in the complex plane is represented by a point lying
in the negative part of the imaginary axis. (see Fig. 1, point (2})).

b. Let us consider now the propagation of a plane wave [rom a
dielectric into a conductor the surface of contact between them heing
the plane z = 0.

According to Snell's law,

nysind, = fysint, {8)
or
cosh, — & { 1 (nls’;nﬁl)zl Y (©)
2

Since i, 18 complex, so is cos0, and therefore this quantity has no longer
the simple significance of a refraction phenomenon,

By setting
fiy = Ny — LU, (10)

in equation (9} we obtain

- onisiny(ng-u?) N . Crgueny®sin®®, \ | Yo
COSez - :i: [(1 - (rig—z——~+ u22)2 ) 11 (_(naz + uzz)z )} (11)

or
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cosby =4 Ya—ib =14V 1 (11a)

Quantity & is always positive although quantity a can be positive
or negative. Under these circumstances the complex vector A can be
represented by a vector lying in the third or fourth quadrant of the
complex plane {see Fig. 2, vector A; or A,). In both cases the square
roots of A will lie in the second or fourth quadrant.

4im

Fig. 2. Possible posilions of costy = + VA when a plane wave is propagated from a
dielectric media into a conductor.

We shall prove that only the square root of A which is represented
by a vector lving in the fourth quadrant, corresponds to the real one.

Let the interface between the two media lie in the zy plane and the
plane of incidence be the zy plane, as shown in Fig. 3, where E represents
the electric field {=-case) and %y, kr and %; the wave vectors of the inci-
dent, reflected and transmitted light respectively.

The continuity requirements on Fy,, across the interface at z = 0,
lead to the following conditions;

forx = kix = 0 12)
and kiy _ k‘ry = kty (123)

Hence the components of the wave vectors will be

o (km —0, ky=n T sindy,  ku— n cosﬁl)
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Fig. 3. Refraction and reflection of a plane wave with electric field E parallel to the

plane (y, o, z) of incidence (n-case).

P (km =0, kry=n, % sinf,, bz =—n, —:)— cosﬂl) (13)

% (ktx =0, ky =7y Ssinby,  hu=— iy cos

From Egs (13} we obtain

_ Ftz _ AycosBy  (my—iug)(c + id)
~ kiz  nycosB, n,cos,

where {c + id) stands for cosf,. Or

N+ ud . (nyd — tyc)
Fiz = n,c0s6, Fia 8 nycosf, Fiz

The full complex transmitted electric field is then given by
Ei(yst) = (B exp{ifol — ki .1)}=
z—0
= (Et)zixp{i(mt — yhiy — zhiz)}
where

. o . o .
kiy = fig - siny, = n, - sinb; = kyy

(14)

(15)

(16)
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because of Snell’s law and
ktz:- ﬁ,z % COSez

because of relation (13).
By replacing equation (14) and (16) in equation (15) one obtains,

Ei(y,zt) = (Et)zjyewp{i(mt — ykiy)} -

- exp { —1 (M) Zkiz] . exp { ( nzd_— ac2d zk:z] (17)

n,cost, ncost,

The intensity or flux density in the second medium is then proportio-
nal to

(18)

S~ |(Et) Z=0 ‘2 erp { 2(ﬂ2d - u’2c)zkiz}

n,cos9,

The need to have a decreasing exponential dependence in the z direc-
tien for the transmitted wave leads to the conclusion '

Z_led - U2C)zkiz

0
n,cos9, <

or nyd << Uy (19)

The latter inequality must hold also for all small values of u, or when
uy, —» ). Therefore

nyd < 0 (20)

Since nr,> 0 it {ollows that d< @

As eosB, must lie in the second or fourth quadrant, and since d < 0,
the quantity ¢ ought to be positive (¢> 0). Finally cosh, =¢ — id
with ¢ and d real positive numbers which determine the position of cos8,
in the fourth quadrant. (see Fig. 1, point {3)).

¢. Finally let us consider the propagation of a plane wave from a
dielectric (n,) into a conductor (7}, the surface of contact between
them being the plane z —= 0, and from this conductor into a second
conductor (#,;), the surface of contact between these two conductors
being the plane z = C.

By applying the law of refraction we have
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#i8ind; = fisind, = Rysint, 2N
or
2311
coshy, — -+ 11 — (lfl sinﬂl) }/z (22)
Ry
Taking the z components of the wave vectors &;, &, and &, we have
_ kaz  FigeosBy
T2 = kaz i gcosOy (23)
Similarly
:kﬂ — ﬁﬁc?f?z 4
thyy = . _n:co.s'ﬁl {24)
or
o ) 5. Fgcosby igcoshy ] __ Rgosfly
Koz = a2+ @+ hia = figcosl,  nycosf bz = n,cos0, kiz

So we ended up again with the investigation of the propagation of a
plane wave {rom a dielectric into a conductor which leads to the conclu-
sion that cosly is a quantity of the form

cosly, = ¢; — idy

where ¢; and d, are positive and real numbers.
Consequently the values of cos@, refer to the fourth quadrant of
the complex plane.

CONCLUSIONS

In all cases we come to the conclusion that the value of the cosine
of the refracted angle must lie in the fourth gquadrant of the complex
plane.

The limit values of cos0, correspond to the propagation of light
from an optically less dense medium to a denser one and from an opti-
cally dense medium to a less dense one, under the condition that the
angle of incidence is larger than the critical angle. In these cases the
limit values are represented by points lying in the positive part of the
real axis and in the negative part of the imaginary axis respectively. In
all other cases c0s0, is represented by points lying in the fourth quad-
rant area.
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NEPIAHVYIZ

TEPI THE TTAPAXTAZEQS TOY EYNHMITONOY
THE TONIAZ AIAOAAZEQY (cosb,) EIZ TO
MITAAIKON EMITEAON

Trno
I. ZAPAKINOTY wai 1. ETITPIAEAH
(" Egyaotipior A" &pac Pvoixiic, Havemotnplov Ocooalovixng)

A iy peréryy pawvopbvey cupforic &vtdg dpeviwy Epupudlerar H
TV sTh oyéoi

5 — 2mngdeost,
A

7 mapéyousa v Suapopay paoswe petabld e dvexioubvne xal Sabhewpé-
vng axtwvoBoilas. Elg thy &v Mvo oyfow, 10 pévebog (cosh, ), #40a 0, ¥ vo-
vie Sialirdoewe, slver dg Ent 16 mhelotov pavrastidy ubyelos g wopepiic
cosl, = ¢ — id.

Elc mhetota mpoPinuata i8lwe ele mpoypruuata SmokoyioTidy dvagpspd-
peva sl mpoPAfparta Ehketfoucteiog, elver drapattmrov va yvepifouey v
o peyéln ¢, d elvon Oemiea dpvymind 7 pndév.

Avoxpivopey Tag xdtwl mepinThoes:

() Kata iy SudSoorv 1He dutivoPorlmg ¥ Tivog Suphextpixod &.3. n, eig

Erepov 8.8, ny, St & Gmolu teylet ) ouwlfxn n, <R, tite

c0s8, = ¢ — i0

Evha ¢ Bemixds mpaylaTinds apfude.
"Edv 8pwg ny > ny xal % yovix ngoontdeswe 0; tig dxtwvoforlac sivar
weyaiutépe ThHe OptxTe ywviag Oc (0 > Oc) téve,

coslly = 0 — id

Bv0x d BeTidds mpavpatieds dobpde.
(B) Katd thv 3iddoowy i durivoforlag Ex tvog Suphextpixob uéoov 8.3, ny
ele &v dvvtpoy toobrov 8.8, 7ty (I8 oyfjpe 3) véte dmodswviertar &,
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cosly =¢ — id
Bla ¢ xal d mpayparinol Oztixol dpilpol.

() Térog xard iy Suddooiv ¥ dutvoforiag ¥k Tvog dywylpov péoou 3.8.
Fiy ele dAdo 8.8, Ay, O loydy xal mawy ér,

cosh, =—¢ — id
#vlo ¢ ol d BeTinol xal mpaypatinol dptBpol.

Zuvemarg elg Shog Toe mepimTaost Siadbozwg il demvofBoriag Fx Ti-
vog pégou elg Etspov Totolrov T cuvmpitovev Tg yevlae Swbidoewg 0O,
(cos0y) lvar Suvatdv va mapastaly sic to wiyoadudy intnedov 49’ Evdg S
vigpnatos xetpévou elg o TéTapTov TeTapTyudprov.

‘H plo dxpaio 0oig tob Suviopartos supminret perd Tod Oetieod mpa-
yioetob &Eovog ToD pryadiod émmédouv xal dvapépeTan el T meplmTaouy
Sadboewg TH¢ axtwvoPorlag ¥x Tivog Simhextpixal 8.8, ny ele Erepov peyoiu-
tépou 8.3. na “H Seuripa dupata Ofowg Tob Sviopatec cupminter peta Tol
dpwntixol gavraotikel &Eovag xal dvagépetan sig Tiv meplmrtwoty Swddozws
¢ doetevoforlag ¥ Tivog Sunhextpunol 3.8, ny els Ercpov pinpotépov 8.8, Ry,
9 8t yuvia mpoontdoeng elvan peyarvtépa THe dptxFic.
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