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Abstract 1 The functional derivative of the radial distribuiion function of a many
puartiele boson system, which was studied originally by J.C. Lee and A. A. Broyles, is
considered. A new approximate expression for this functional derivative is obtained which
contains some additional terms. Comments are also made on the obtained results and
on the corresponding Euler equation for the correlation function f.

1. InTRODUCTION

The application of the variational principle to the energy functional
of the ground state of a strongly interacting many particle boson system,
described by a Bijl-Dingle-Jastrow wave functionl?

Wy = 11 f(r;) 1)
i<j

leads to a complicated Euler equation for f(r)?, in which the radial distri-

g{ry,)
£%(ry,)

bution function Gry,) =

N(N—1) [ 1Lf¥r;,)de. . diy
o f<y 2
Giry,) T eR{ry) | H‘ f3(r;)diy..dry “

i<}

and its functional derivative!
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3G{ry,) i

- @F P LE) L [ AN E F f P VAT ——
8[(1‘) - P2r2(l'lg)[(r) {49 (r17r21r1+r) I -l ? (r11r2:r3a13+r)dr3
— Qe () (0)] @)
appear.
L . . . . . 5G(ryy)
To simplily the siluation, one first tries Lo approximate ()

by expressions which do not involve the three and [our-particle distri-
bution functions 5@ and o With this in mind, the following approxi-
mate [orm has been derived and used

8G(ryy)
31 (r)

= Aol (e} G{ep) GLOTL(E — Py )G — Fral) — 1] (4)

In the deduction of the above expression, the generalized Kirkiood
superposition approximation® has been employed [or the three, four and
[ive parlicle distribution functions.

In this paper, we present anclher approximate expression [or
3G(r; L oL . :
aSIUTY which ig a generalization of {4) and might lead 1o improved

31(r)

results.

2. DERIVATION OF THE EXPRESSION TOR 8 /8

For Lhe derivation of the generalized expression lor 3G [3f, use is
made el the relalion, which is known [rom Lhe theory of classical [luids,
between the K-distribution [unction gt®

gy == T (5)
and the potenlial ol average force W' (K):

g™ = exp(— W& [KT) (6)
as well as of Lhe expansion of the latler in powers ol the density.

This expansion has been derived (under quite general assumptions)
by Meeron®, who generalized previous results on the series expansion
ol digtribution lunctions, given by Mayer and Montroll’. The structure
of the expansion is Lhe [ollowing:
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WE = Uy, — kT I oM /NI [ Q(K,N)d(N) {7)
N1 )

where U(K) is the direct interaction potential and Q(K,N) is a sum of
products of functions h(ij) = exp(— U{yj) /kT)— 1, which is obtained by
means ol cerfain rules. The various terms are represented by diagrams.

Expansion (7) is easily applicable to boson systems described by
the trial function (1). In this case h(ij) is substituled by [*(r;;) —1.

The formula, which results by taking into accounl expansion (7)
in the expression for g'® in Lerms of W may be re-writtenin a way
similar to that followed by Abe®®% in the case of g'¥. We may therelore
write for g'&:

g = [ i g(l'ij)J pAUO) ‘ (8)

i<j=1

where eA® is abbrevialed [ormfor an exponential function, the exponent
of which is a sum of integral terms. In the case of K = 3, the expression
for e2® il only the «leading term» is kept, is:

AW _ gofh (1) (21 1 (31’)(1?’1 (9)

It may be seen from expression (8) that the generahized Kirkwood
superposition approximation for g® consists in taking only the first
term: 1, in the series expansion for the exponential.

. . . 3G
In order to derive the generalized expression for SICTR

3f(r) ’
first consider the second term in (3), which by means of (3) and (8) (with
X = 4) becomes

JeP(Ey, 1y, Py, 5 Ty = ptfe(rg)g(rs)g(ln, — (f+1)1)
- g(ryg)gllTy — (f34-1)|)glr)e* W di, {10)

This may also be written as follows:

Toty, Ty, Ty +T)dE, = olg(riadg(r)  { [ glris)g(ras) -
g(Ity — (B + 1)glity — (B4 +1))dTy + [2(rip)g(res)g(f, — (f5 + TH) -
gty — (f3 + D)D) (e — 1)diy } (11)
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+36
We write subsequently the pair distribution function g in the form
g(f'ij) =1+ g(rij) (12)

Since g(r;;) goes to 1 for r;;—oo, it follows that g(r;;) goes to zero
for large values of its argument

Among the terms which result after the above substitution, we
shall not keep those which have products of more than two g functions
or two g and one (e2®—1).The effect of the neglecled terms (the number
of which is small) should not be important for a dilute system, in view
also of some partial cancellation ol successive terms.

The omission of the above mentioned terms leads to Lhe expression:

[o (Tl 1,05 + Dy & plglrp)g(r) { [y + 4f8(ra)diy, +

B(r15) B(rae)dTy + JB(rip)B(I" — (Fy + B))diy + [&(rs)8(lE, — (F + 1))
diy + JE(ri) 81T, — (fy + DAl + JE(re) 81T, — (F5 + Tdi; +

18(1E) — (B + DINE(IE, — (T3 + T)dig + [ (eA — 1)dey + [8(ry,)

(A —1)diy + [8(rys) (e — 1)d¥y + [&(If — (F3 + T)[) (&2 — 1)
d¥y + JE([Fy — (F5 + B)) (&A™ — 1)di} {13)

If we take also into account the normalization condition

o [ (1 —g()di =1 (14)

and formula (8) with K = 3, we arrive, after substitution into (1) at
the following approximate expression of the functional derivative

8G{r 3)
8f{r) "

v B (g, — th, 1)+t — G+ 1))

(eA® — 1) 4 p[JB(r13) B(ras)dis + [E(rip)&(|T; — (F5 + 1T)})di; + [&(res)g
{IFg~— (% + B)dly + JE(ry)&(|T, — (T3 + F))df; + [8(ryy) 81T, —

(B3 + B))dry - JE(IT, — (f5 + PNE(T, — (5 + T))diy 4 [{eA® —1)

dfy + [B(ri5) (2™ — 1}y + [E(ryy) (e — 1)dfy + [B(IF, — (F; + D))
(er® — 1)dts + [&(IT, — (fy + 1)) (eA® — 1)dT,]} {15}

This expression will be discussed in the next section,
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3. Discussiox

It is interesting to make a few comments on the result obtained in
the previous section.

The expression (15) [or the functional derivative has the firsl term
in common with the expression (4), which follows from the corresponding
dg(rys)
du(r)
er two sorts of additional terms. First there are terms, which originate
from the use of expression (8) instead of the generalized Kirkwood
superposition approximation. Second, there are terms which originate
from the use of this approximation for the distribution functions appear-
8G(ry,)
3f(r)
in expression (4), because in its derivation the generalized Kirkwood
superposition approximation is also used for the distrihution function

g% while in the present derivation this is not the case.

It is clear that if the Kirkwood superposition approximation is
used for K<5, the terms with the exponential in expression (15) do
not appear.

It should be noted that Lhere are indications that Lhe uzsual superpo
gitton approximation is quite good'®! for liquid He*. Caleculations for
the test of the superposition approximation for higher distribution
funetions do not exist, as far as we know,

expression for of J.C. Lee and A A. Broyles®. There are, howev-

ing in the wexact» expression for . The latfer terms are absent

The approximate expression for the functional derivative %«I)i

which was obtained here (or the corresponding one for Sgﬁ%:)), which
follows immediatelly because g = 2 and f == ¥/2) may be nsed insolving
the Euler equation for g of ref. 4} or the Euler equation for the correla-
tion function f(r):

d*f{r) 2 dG{r) | df(r) m
PR (TG (r) +

G{r} dr ) dr

1 dG(r) 1 d?Gir)] v, df{ry,) ?
o AT e M = e [ ) )
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d?#{ry,) 2 di{ry) . 2m . 9m | N
{ dr?, +E dry )+ (h/2m)? V{r)3(ry) ‘]‘mm?\z ([(rs)—1)2]

o) ) 2 G(r) = 0 (16)

The above equation is essentially the same with the equ. 18) of 3).
The only difference is thal the Lagrange multiplier %, is zero and. ap-
pears the multiplier &y, due to the «healing condition»? The choice
X = 0 is necessary because the condition (21) ol ref. 3) can nol he sa-
tisfied, due to the explicit use of the normalization condition in the
present case.

The numerical solution ol equ. (16) is a rather complicated task
This 1s mainly due 1o the fact that it is integrodifferential as many other
equations of many-body problems arel®14.35,
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[MEPIAHOY¥IZE

H ZINAPTHZIAKH 1TAPAIQI'OXZ THY AKTINIKHYE ZYNAPTH-
ZEQE KATANOMHE XETETHMATOE TIOAAQN MIOZONION

M. E. I'PTITIAIOY
("Ex vob omovdeornpiov Gemponriniic Doouedls Havernotnpioy Geocaloviung)

. MATPOMATH
(Touedc Pvoeeds, KIILE. «AHMOKPITOLy, “Ayia Hoapaswevy ~Avtieds)

Eic =y dpyactay abmny fewpolusy w9y cuvaptralady mapdywyov Tig
ERTIIHTC GUVRPTAGEWE KaTavopfs oucThwaTos Torrédy prmoloviwy, % dnole
duchetily dpywwdic Omd tév J.G. Lee wel ALA. Broyles. Alderon ple véw
mpoceyTIoTInY]  Bxgpunis TV ocuvapTrotaxd)s TelThg Tapuymyou, 7 Smolw
nzptéyel Gpropévoug dmmposlitous fpoug. Awxtumelvrar émiong oybhio Emi
Tol Anplévrog dmoteréopatog xal Eni THe avTieTolyou Elichoswg Kuler Sua

A ! ))\)\ )\ -~ I f
THY SUVKPTYGW GAANAsougyeTicewg 1.
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