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Abstract 1 A method for delevmuning the excitation of an avbitravy anlenna is pre-
sented. The integral form of the vadiation patlern is approximaled, with the aid of
Chebyshev analysis, by a suwm evactly similar to the arvay factor of a non-uniformly
spaced aryay. T he synthesis of the resulting arvay factor is carvied out by the ortho-
gonal wmethod, whereas the distribution funciion is expressed analycally with the
aid of Chebyshev analysis. The problem is solved theovetically for ome, two and
thyee dimensional sources, and examples ave given for the covvesponding cases.

L INTRODUCTION

The critical point for an antenna to give a pattern sought is its
distribution function. The problem of finding the distribution function
has not been touched in the general case, but some successful methods
have been applied in many special cases.

A series of papers by Stufzman 12545 using the iterative sampling
method, showed that tbis method canwot be uncautiously applied in
the cases examined.

The Fourier analysis®~®® as well as synthesis, by imposing
some error criteria 12 have heen used for some special array
formos.

In the paper the problem 1s solved with the aid of Chebyshev a-
nalysis resulting in an approximation as good as one wishes.

II. FORMULATION

The radiation patiern of an arbitrary apparatus of sources is known
to be given by
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= [[[ g(x,y,z)exp [J e (xcosﬁcos:p+yq1nDcos<o+zco~%6)]dxdydz (1)

apparatus

The determination of the distribution function, g(x,y,z), from (1), when
I'(xp, 9) is known, can be accomplished by many approximating methods,
depending on the researcher’s angle of attack. One can get a better in-
sight by separating the problem into three subcases: Linear, planar
and spatial.

1. One - dimensional problem (Fig. I).

The radiation pattern of a linear source antenna of length 2L 1is
given by

Fu) = fL g(x) exp(j2rxu/n)dx (2)

which is equivalent to

B = g(p) expi2rLpu/)dp @

where p = x/l. and u = sinfcosgp
Recalling that every function f{p) = g(p)exp(j2=Lpu/r) can be ap-
proximated by a Chebyshev series of the form*

f{p) = E” q:(u) Ty(p), where
E=0

2z, s nrs 2 &, s s s
qr (u)_i}fo f(cos-n—)-cos? ;‘.‘._og(cos )exp 127/ x - COS?)GOC‘: o

F(u) = 2 qiu) [ Te(p)-dp (5)

{* The symbol £ represents sums having the first and last coefficient multip-
lied by 1/2).
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Now, since
1 1
J Telpdp=2, [ Tup)dp =0
1 () (e
LT:(P)'dP 47[7;1———”}_1 —, r>1 (6)

2kms
n/2 1 1 4ni2 D Y 78
:EII' = . 1 :_“EII El! - 08 —
) k=0 (2k—}~-1 Zk——i) Tax{11) Ngep 8=0 4Ak2-1 8l n )

exp(j2n /aLucos lns) (7)

Eq. (7) shows that F(u) can be approximated by a non-uniform array,

_.?n.iing a pattern of the form

n

Flu) =2 asexp(j2n/r xu) (8)
=10
where Xg =L« cos T and
B n
/2 y
2 8()

(9
2 gl
Lp == — — —_—
N =0 4k2—1
]
4 o g(cos —)
s = — —— EII
N og_o 4k=—1
s=0,n
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The synthesis of a non-uniform array can be carried out by ze-
veral methods; one of them is the orthogonal, which has been exten-
gively used by the author 1 1% 18,

Of course, if the apparatus is non-centinuous, then {(3) can be tur-
ned into (8} right from the start.

2. Two - dimensional problem (Fig. 2).

In this case, a two-dimensional apparatus gives:

Flu, v)== | [ glxy) exp[j2n/Mxu+tyv)idydsx (10)

apparatus
The integral equation (10) can be generally written as

fz(x)
fJ'( )g(x, viexp [[2n/a(xu+yv)ldydx (11}
X

Flu, v} =

R"—.b-t

We now perform the following transformations:

¥ = 5 {[(x) 4 B0+ T(x) — L0 Tp)
and (1
x:%—{(b—k-a)—}—(b——a)q}

Thus, (11) takes on the form

1 L a(x,y) ‘
Fu,v)= | [ G, ) , dpdq (13)
ER 20,9) |
where %E(ﬂ% is the Jacobian of the transformation, and G(p, q) is
| eAD, g

the function resulting from q(x, y) exp[ j2p/r (xu-+vyvu) Iwhen x and
¥ are substitluted from {12)

Integrating the relation by Chebyshev we get, like in the linear
case,

2kmns 2mrl
5 cos

46 n/s u o GOS8

nfs
F(U.‘ U):_E_i DY zu e

) ml
2 2 E B weny gy Glesgacos D (1)
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2krs  2mm=l
0

=— S e g p (4k2_1) (412_111)8‘(}{3,3731)eXP[jQW/:\(Xgu+y5]U)]

E=0§=0 [=0 m=0 {15)
where
xa=% (b +a) + (b—2) cos
-
Vo = 51 () 4 L)) + [hlxa) — fi(xloos ) (16)

Eq. (15) shows that the case of the two-dimensional problem can
also be traced Lo a planar non-uniform array, having (n+1)? elements
and expressed by

(n4-1)®
Flu,v)= X  aexp[j2a/a(ziu + yw}] (17)

1 =

For an apparatus of non-continuous arrays, one can reach (17)
n two ways:

For a non-continuous array consisting of discrete elements, eq.
(47) is straightforwardly arrived at.

For m continuous linear sources placed on a plane, F(u, v) takes
the form

m-n
Fluy)= = . o expli27 /i (Keml + Vemv)] {18)
8§ =
where
e = Ly COS fni COS@; and Yot = Ly COS i:i Sino; (1)

3. Three dimenstonal problem (Fig. 8).

A gpatial apparatus has a pattern of the form

b 4D ey -
Flo,8)— [ [ | glxya)exp [2=/r(xsinoosy +
o fi{z) (v,

+ ysinbsing + zcosB)] dxdydz (20)
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This equation can be integrated in a similar manner to give

2kns 2lnm 2trh
08 COS cOs

/g 1 /s @D nfa o
F(CP,B) =_6—f: Eff Ef’ Zl’ E/l E/f Zl’ n n n
I wy—p g=0 l=0 n—0 t=90 h—o (ékzﬁl) (412—“1) ([_Ltz—i)

- 8(Xs, Yom, Zsmp ) 0XPLj27 /X (Xe51n00080 -+ Versinlsing + zemp cos0)] (21)

Eq.(21) represents a general non-uniformly spaced array of the form

(n-p1)¢
Flo0) = Z aexp[j2n/a{xisinbeosp -+ yisinbsing + zicos®)]  (22)

1=1

For a non-continuous array one can be led directly Lo (22}, whereas
for an array of m linear sources one gets a formula similar to (22):

m(n+1)2

Flp,9)= T  axexp[j2n /i (Xmesinbcose+ ymesindsing +zmrcosd)]  (23)
k=1

where

8 .
Xy = Ly cos 5 CosPL smb;

ver = Li Cos %S sing; sind; ' (24)

s
Zei = Ly cOS — cosly

H

Complicated though the relations arrived at may be, they are re-
commended when high accuracy is sought.

4. Formulae in non-unsformly spaced array sythesis (Frg. 4).

Regarding the orthogonal method, the general [ormulae for the
synthesis of a general non-uniformly spaced array have been given
by the author [15]: The amplitudes, As;, of F(o, 6), which is of the form
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N
Flo, 8) = £ Aj exp[j2n/Aa(xsinfcose -+ yisinGsine + zcosh)] (25)
=1

are given by

Ay =
1

I 14 =

B, GO (26)

where

B]:<F » ‘FJ*>

i
W= 2 O exp[j2n /A(xsinfcose-yisinlsing4-zicos))
f=1

n—i . i
o _ A5 e (3 e sy
Dn i=k 1=1
(27)
S

n— i .
Do —{bm— 167 = (2 CF Sup)h

j=1 i=1

$in2s [Ara;

Sai = —5_ TA Tai

III, COMPUTATION OF THE DISTRIBUTION FUNCTION

Since the formulae we use are rather complicated, great care was
taken in every step, regarding the accuracy of the computation.

The program, in FORTRAN IV, and its running in a UNIVAC
1106 gave acceptable results only after many efforts. The experience
the author acquired can be epitomized in two main points:

i) The number of harmomnics, n, used in the series must be analo-
gous to the length of the greatest dimension of the apparatus and it
18 suggested thal it reaches a value of 5 or more per wavelenglh, de-
pending on the complexity of the pattern sougth,
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il) The accuracy of the values of 34 must be checked, because
the Sni’s constitute the basis of the computation. The author used
as a check the condition

[SU IS = |1 (28)

The distribution function is given analytically. This is done be-
cause one first finds

8 IR 7h
G(cos 0 C0s ———, cos T) = g(Xe, Yom, Zemn )

This function can then give G (p, q, w,) wih the aid of Chebyshev ana-
lysis, in the form

8 9. h:3 n o )13 b3 s T Tl:h
Glp, q, w)=— Z" X" Z" & X" %" (Geos-—, cos —, cos—) -
y ) 2 ) y
0% y—01=0 8=0 m=0 t=0 h=o n n I

TS nlm wth
- 008 ——— CO8 —— CO8 ——
Il n

- Te (p)Ty (q) T (W) . (29)

IV, EXAMPLES

The computer output gives the distribution funetion and the pat-
tern thus produced. Here are some examples where Chebyshev analysis
was applied:

1) A noteworthy case: Consider a non-uniform linear array of
2N4-1 elements; it its total length 1s L then, to produce a pattern ol

the form
0 ( =Lu )
$ 7

) = =g~

A

’

one must place the elements in distances of

ooy 2 (i=0, 1 .., 2N)
aN
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and their arnplitudes must be

km

cos

SRR

2 17 0, 2n
k=0 4k? —1

and

2z, i
Gp — Op — — —

> —
Ny 4ke—1

This is an important result, and the numerical results show a remar-
kable convergence.

Figs ba and 5b refer to two cases, for L = 3.54 and N =10, and
for L = 5% and N =10, respectively.

From the above discussion, and given that F(u) represents the
pattern of a linear source antenna, of reduced length L jx, with uni-
form excitation, one can deduce that such an antenna can be appro-
ximaled by a nonuniformly spaced linear array, having a noen - uni-
lorm excitation.

i) Consider the problem of synthesizing a linear source antenna,
having a length of . =3.5 %; one wishes to get a pattern showing a
ratio of 30 of main - to-side-lobe.

Approximating the pattern by a pulse function, we reduce the
problem, by eq. (8), to that of a discrete array. By the orhogonal method
—E- (i=0, 1,.. N), as
before; the amplitudes are as follows for 11 and 21 elements respe-
ctively.

we find, for the elements’distances, 1.75 cos

11 Elements

21 Elements

ty = oy = .023 ®g = Ggy = .011
= oy = 129 wy = gy = 073
ay = oy = 084 oy = oy = .122
ay = o; = .46 ay = o)y = 060
o, = a; = .68 oty = Gy == .078
g = 1. oy = oy = 189
oty = otyy = 436
dy = oty = 582
oy =y = .656

oy = oy = .901
2y — 1.
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Fig. 6 shows how the pattern for N = 21 converges to the theo-
retical one sought. Based on the amplitudes, and reducing (29) in one
dimension, we are led to the current distribution of Fig. 7.

iii) Consider a planar rectangular source antenna of dimensions
Zax 2b (Fig. 8a). To find the current digtribution one must, as has been
explained, find the amplitudes of a nonuniform planar array. 1f one
wishes to produce a patlern having the form of a pluse, with M/S = 25,
then, for length = 3.5% and width = 5, one ends up with the distri-
bution shown in Fig. 8a, where there are 51 x 41 sources. The patiern
produced is shown in Fig. 8b.

We should not fail, here, to examine tlie caze of a nonuniform pla-
nar array, producing a pattern similar to one produced by a planar
source antenna with unily distribution function.

For this case, and for 11x 14, sources, placed in positions given

TS miT . .
by xe= %C08 g, Ym = beos —ni—éf, we get the following amplitudes:

m ) .
A 0/10 1/9 278 /7 406 5

0410 0.1487 L4045 6231 6213 6780 7033
1/9 .2022 5498 7112 LBaLD 9217 .9561

2/8 2615 7112 L9179 1.0923 1.1921 1.2366
3/7 AB06 8445 1.0920 1.2070  1.4157  1.4687
4 /6 .3389 9217 1.1921 1.4157 1.5450 1.6028
5 .3516 9562 1.2366 1.4687 1.6028 1.6627

iv) Finally, let us comsider a three dimensional apparatus consi-
sting of two rectangular planar sections, forming an angle of 30° Each
section has dimensions 3.54x5x To get a pattern of a beamwidth of
20° for the main lobe, produced on the basis of a directive pattern ha-
ving the form

flo, 0) = exp (pcosypsing + geosd) cos (bsind),

one must have a distribution function of the form of Fig. 9a, resulting
in the pattern shown in 9b.
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Fig. 2. Two - dimensional antenna appardatus
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Fig. Sa. A planar source anlenna of dimensions 3.5 X 54 with the current distribution.
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Fig, 8b. The radiation pattern of o planar reclangular souree anbenna with current
digtribution of Fig. 8z
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Fig. 9a. Three dimensional anienna apparatus consisting of two rectangular planar
seclions, forming an angle of 30°, with the current distribution,
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Fig. 9b. Radiation paliern of a three dimensional antenna apparatus with the
current distribution of Fig. Ya.
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V. CONCLUSION

On the basis of the preceding discussion one can draw the [ollowing
conclusions:

i) It 1¢ possible to have a correspondence between an arbitrary
continuous source apparatus and a nonaniform array.

fi) The amplitudes of the nonuniform array can determine the
distribulion function of the source apparatus.

u1) Chebyshev analysis can give results of acceptable accuracy
in every case.

iv) The procedure outlined above generalizes the problem of syn-
thesizing nonuniform arrays and presents a way to determine the po-
sition of the sources.
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