Seci. Annals, Fac. Phys. & Mathem., Univ. Thessaloniki, 17, 347 (1977)

A GENERALIZATION OF KOLMOGOROV'S INEQUALITY

By
STRATIS EKOUNIAS

(Unicersity of Thessalonike)
{ Received 29.11.77)

Abstract: 4 generalization of Kolmogoroo's inequality ts presented. If the random
variables form a martingale difference sequence and have momenis of order r,
1<r<2, then an inequality similar to that of Hajek- Renyi is proved. Ezamples
demonsitrating the applicability of our results to the convergence of random va-
riables are also given.

1. INTRODUCTION

The well known inequality of Kolmogorov, for independent ran-
dom variables having second moments, was generalized by J. Hajek
and A. Renyi [2]. It turns out, that the same proof carries through,
if the random variables form a martingale difference sequence which
includes the independence case. In the present paper we extend their
inequality for a martingale difference sequence with finite moments
of order r, 1<r<2,

The interesting part is that we do not need to have finite varian-
ces but finite moments of order v, 1<r<2.

For the proof we use an inequality which is due to FEsseen and
Von Bahr [1]. This replaces Minkowski's inequality which was used
in [3] for a different problem.

Qur main result is summarized in the following:

THEOREM. Let X, X,,...,Xa be a sequence of random variables such
that:
i) E[XiP <o for i=1, 2, ..., n, 1<p=<2.

i) E(XjX,,...,X1-4)=0 for i=2,...,n

Wnoiakn BiBAI0BRKkN ©edppacTtog - TuRua MewAoyiag. A.l.0.



348

If ¢y, Csye-eyCa i8 2 RON-increasing sequence of positive constants, then for
any positive integers m, n with m«n and arbitrary h>0,

(1) P( max /X, +..+Xd=h)<
m<kgn
<a(ch 2 E|XiP+ > ckEXyP) [ be

j=1 kemm-1

where 1ca=f(p)<2*2¢2 for 1¢p<2 and f{2)=1.

PROOF., Let 5 =X,+ ...+ X1, Ai{i=m,...,n) be the event
(cm/Sm| < b ,..., €14 [Si 5} < h, ¢ilS)=h), then A, 1 Aj=0 for i+] and
n
A=) Ay, where A={ max ¢;)Si=h}
{mm mglﬁn
Now consider the random variable

(2YZ = cﬂ,[Sm\P + i cﬂ(isklp— [Sk-1P) (A-Lcy-.oo-lm)

k=m41

where Iy is the indicator random variable of the event Ay, then it is
easy to see that Z>0 everywhere and Z>hr in A. Hence if F(x,,....Xn)
is the joint distribution of (X,,..., Xa)=X we have

(3) P( max ¢|S|=h) =P(XcA)= [ng(deF)/hns (EZ)/he
mgign 4 4

Applying now Essseen-Von Bahr’s inequality, see (1) i.e.,

(4) ISkP= [Sk=y + XiP < |Sk—1[? + a[XulP + piSk-.[P~* (sign. Si_,)Xu
obtain from (2)

n

(5) Z< chlSulP + D, ok ( afXu/P+p|Sk-,l(sign Sk, )Xi) (1-1e_y=v..-Tm)

k= m+41
Thus taking expectations and observing that
m
0<1—Ix,—...—~In<! and ElSaPp < acz E{Xijp
|=1

we establich the desired result Q.E.D.
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From (5) it is clear that the same inequality is true if instead of
EXiX,,....Xi_1)=0, i=2,...,n we assume that (sign S, ,)} E (Xi)X,...
X )<, 1=2....,n

The value p=2 gives Hajek-Renyi’s inequality.
2. APPLICATIONS

Let the infinite sequence of randon variables X,,..., then,

COROLLARY 1. If i) byfo
i) E(XX,,. Xis)=0 i=2.3....

o
iii) z (E{X; /h:’ }< % for some 1< p<2.

=1

then lim (ZX; ) | ba=0, a.s. and in IL».

n—* 2 =1

PROOF. Take ¢i =(1/b1) ¢ 0 and apply inequality (1), then from

im 2 (E]XiP)/bp=0
+1

m 00 {l=m

as the tail of a converging series, obtain

lim (z E1X|? ) { b2 = 0 by Kronecker’s lemma, which proves

m-+ o0 =1

the LP - convergence, furthermore

lim P(max x (K -|—Xn|[bn)2h) = Q.E.D.

T — 00

EXAMPLE. I EXjr<c<e for 1<p=<?2, i=1, 2, ..,
and E(XjX, ..., Xi-,) =0 i=2,.
then for any 0<< g <p.

uli_l"llwJ (2 Xi) [n¥1=0 as. and in LP,

l=1
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PROOE. Take by=n"4, then > (EX{p)/it<ec D iPi<ow

{=] {=]

COROLLARY 2. If i) byt = ii) X; is any sequence of random varia-
bles such that

D (EIY /b)) < =  where Yi=Xi—EX{X.., Xia)
{=1
i=2, 3,.., Y,=X,

o
lim (Z Y.)/bn= 0 a.s and in Lo

R0 Moy

PROOF. The sequence Y; satisfies the requirements of the previous
Corollary.

Of course if 0 < p<1, Corolarry 1 is true for an arbitrary sequ-
ence of random variables, as it is proved in [3].
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HNEPIAHYH

MIA TENIKEYEZH THZ ANIZOTHTAZ TOY KOLMOGOROV

“Trd
ETPATH KOTNIA
{ Havermorfiuio Osocadovinng)

Abveran ple yevinevey e dviedmyrag o0 Kolmogorov yud tuyates pe-
TafAntic wob Erowv pomic TaEng r, l<r<2. O tuyaies petafintis 8tv elvan
drapalryre va elvan dvebdpmTes ddAd dpxet va ixavomotolv w) oyxfoy

E(Xi|X; o, X1l ) =0.

*Entayg Sivovrar dpappoyic g dviabmyrag vk va Stamatwlet 1 loyupt ady-
xhian wls dxolovbiag Tuyalov petaBinTév.
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