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Abstract: The forward and back scattering cross - sections of a spherical particle
of radius a and of complex refraetive index N lying in a medium of real refractive index
Ny, and the same scailering cross - sections of a spherical bubble of radius a and of real
refractive tndex Ny lyrng in a slightly condueting medium of complex refractive index N
(|V)) =], ), are determined and compared in the Rayleigh domain where ae=2na[A<0.3
and also are eomputed and compared in the Mie domain, 0.3<a<(22.0. The real part of
the refractive index N=N,|N, is assigned the values 1.1, 1.3, 1.5 and 2.1 while the imagi-
nary part of N is changed in small steps from 0.01 o 0.11. The ratios of the scoltering
cross - secttons of the particle to thase of the bubble are presented in graphical form. The
sealar theory Is also utilized in computing the scaltering eross - sectians of particles and
bubbles and the results are compared tn graphical form with thase utilizing the Mie theory.

INTRODUCTION

A spherical particle of radiug a and complex refractive index N,=
=N, -iNy; is assumed to lie in an infinite medium ol real relractive
index WN,. A Cartesian coordinate system is introduced with its origin
coinciding with the center of the particle. A plane electromagnelic wave
linearly polarised with its E vector along the x-axis and having wave-
length %, is assumed to be incident on the particle [rom the -z direction
toward the -+z direction. It is assumed that X, >>a 80 as the scattering
lies in the Rayleigh domain. From Stratton?, page 436, it can be seen
that the time average power scattered by the particle in the forward
hemisphere, 0°40.90° 6 being the polar angle measured from the |z
axis, or equally in the backward hemisphere, 30°20.180° is given by
the expression
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where k,= 2n/i,=wave number In vacuwm, sy=permittivity of iree,
space, a=angular frequency of the incident wave, and p“is the induced
dipole moment in the particle. From Stration”, page 572, it can be seen
that

‘ N2 -1 2
P2 = 1677 a% |5 [Eo|* (2)
| N242
e . . N, .
where g,=the real permittivity ol the medium, N= N and E,; is the
2

arnplitude ol the incident plane wave. Now g=N;%,, so when eq. (3} is
used in eq. (1) W® becomes,

2 } N2-q 2
WeEr — B—kua ggwad [Byl® Ny |Nyj* i {3)

| N2

Now the roles of the refractive indices N|, N, are assumed reversed, i.e.
a spherical particle (from now on termed bubble) of radius a and real
refractive index N, is assumed to lie in an infinite medium of complex
refractive index N,. The time average power scattered by the bubble
in the forward or backward hemispheres may be obtained [rom eq. (3)
by exchanging Ny, N,, 1.e,

2'11' Nl

W) — ?koi’* g at [Ey® 1; IN, 14 (4)

It should be anticipated here that in practice the medium would not
be infinite but rather a film whose thickness is large compared with the
radius of the bubble (particle) and whose complex relractive index N,
has an imaginary part sufficiently small so as the wave is little attenuat-
ed in traversing the film.
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At this stage the ratio of W®? over W is considered. It is easy to
show that

W®e 1 /N, LNz g)f
WE) /( - )|N|4 % (5)
W 4\ N, N
N,
where as before N =
N,

It can be seen that if |Ni>1 or 113 > 1, since N,,>>N;;, and N,; = 0,
%

then %(:—; >1; ie. in the Rayleigh domain a bubble has a larger
cross - section than a particle ol the same radius with the refractive
indices of the media interchanged as described above. Thus for N=N,,
[Ny =1.5, W® W equals 4.5343. It may be remarked here that the
ratio in eq. (5) remains the same regardless of the state of the polariza-
tion of the incident plane wave. The state of polarization affects only
the factor |Ey}% in eq. (2} and this factor is assumed to be the same in
both cases of particle scattering and bubhle scattering, Stone® p. 101.
It may be stated further that the ratio in eq. (5} is valid for a completely
unpolarised incident beam.

The main ohjective of this work is the examination of the ratio
in eq. (5) in the Mie demain where 6za>»). The method of computation
of the perpendicular and parallel Mie intensities i), 1, is similar to that
used by Denman et al, 21i.e.,

| < 2
1, = E 2) 1 z (‘&n Tn + Bn T {6)
! wp) ke? ln=1
oo i2
Lo MBS LR (A w B (7)
2T 2\ o/ ket n=1

where 1 i the distance from the center of the scattering sphere to Lhe
point in the far zone where 1y, 1, are to be computed. In the present case
r cancels out upon integrating i, and 1, over the forward and backward
hemispheres. The expressions for the coeflicients A, B, t,, @, may be
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found in an earlier publication, Patitsas®, Several typographical errors
are to be noted there, i.e. the expressions for A,, B, in equs. (3a), (3b)
are to be exchanged, the factor 1/« in the expression for V, should be
replaced by n/« and the expression for m, should be as follows;

n

(xP, (x) - Poy (x))

Tcl]:
x2-1

When the medium in which the particle (bubble) lies is nonconducting,
k is real and thus the expressions for iy, i, are real. But when the medinm
is conducting as is presently the case for the bubbles, k=k;=k, N;=
k(N +-1Ny;), i.e. k is complex. In this case i, 1, are equal to the real
parts of the expressions in eqs. (6), (7); l.e. the factor 1/k in these exp-
ressions shonld be replaced by

1 1 N, -1 NN 1 N
R, (—) — R, (— ! i‘) == &
KN, P AER Bl ) W 2

In the case of the particle in the non - conducting medium, the equiva-
Ient expression is

1 N, 1
Ny 9
R (kDNZ) SR )

since Ny;==0.

For a completely unpolarized incident beam the Mie scattering inten-
sity is, Rosche®, Patitsas?,

1.+ 1,
2

1, =

(10)

The integrals of i, over the forward and backward hemispheres are now
termed I, I,® respectively for the case of the particle causing the
scattering, and I,®), [,®®) for the case of the bubble causing the scatte-
ring. In the Rayleigh domain the following relations ought to hold

[[® T, We
= = 11
[ L& W® ()
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Thus, il the products R, R, are formed as [ollows,

Lo W

Re=— (12)
I,® Wi
LL® We

R, = (13)
I,® W

then Ry=R,~1 in the Rayleigh domain. The behavior of R;, R, as
functions of the size parameter x=2ma /A [rom the Rayleigh region,«<0.3,
to well into the Mie region is presented in the following section. The
integration of i, over the forward (backward) hemisphere involves the
intepration over the azimonthal angle ¢, which is easily done since ¢
enters only as sin? ¢ and cos? ¢, Patitsas?, and the integration over the
polar angle &, which was done numerically by computing i,, 1, Tor a given
o, N in steps of AB=0.5% This angular step is sulficiently small so as
not to cause any appreciable error in replacing the intergal over 0 by a
finite sum. Il may be noted that the anpular distance between the first
minimum and the first maximum of i, for a=4.0, N==1.333 is approxi-
mately 209, Denman et al2

The scattering intensities 1, i, were computed with an accuracy
of four significant figures. For several arbitrarv values of «, N and 0,
1, 1; were also computed using the Mie subroutines by Davel. In all
vases the two methods of computation gave the same values for 1, 1,
up to four significant figures. The scalar scattering intensity i, may be
written as, Patitsas3,

() 4
T 2\op/ kr?
where P, is the Legendre polynomial and An is the same as in eqgs. (6),
(7).In the Rayleigh limit, «—o0, only the first term in the expansions (6),
(7) and (14) may be kept. It can easily be shown that in this limit the

ratio of the integral of i, over the forward or backward hemisphere to
that of i; is,

oo 12

2 nn+1) AP, (14)
n=0

LI, =Q = (15)
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In the following section the variation of Q with « will be presented for
0.20£229.00 for various values of N.

RESULTS

In Figure 1 the logarithm to the base ten of R; is plotted versus
the logarithm to the base ten of the size parameter « for real values of
N=N,/N, equal t¢ 1.1, 1.3, 1.5 and 2.1. For the preparation of this plot
the parameter « was changed in steps of 0.20 from a~=0.20 10 a~=—4.00
and in steps of 1.00 from a=4.00 to «==22.00. For these values of N, the
valnes of W®/W® given by eq. (5) are respectively 1.4187, 2.6352,
4.5343 and 17.4016. Firstly it 1s observed that leg R, 0.0 1.e. R,— 1 as
log a— -0.600, l.e. as a—0.25 for all N in agreement with the Ravleigh
theory. As a increases toward the Mie domain, R, increases in all four
cases of different N. For the case of N=1.1, R, increases to 1.4925 at
log «=0.4624, or at «=2.90. From eq. (12) 1t can be seen that

If(p) YWl
= R;
I.®) Wib)

= 1.4925/1.4187 = 1.0620 (16)

Thus, 1z the case of N=1.1 the forward scattering cross - section of the
particle divided by that of Lthe bubble increases from 1/1.4187 at «=0.25
to 1.0520 at «=2.90 and then it stays practically at this value up to
o==22.00. In the case of N=1.3, R, rises to 2.9427 al a=2.90 and thus,
at this value of « eq. (18) becomes

If(u}

= 2.9427 [2.6352 = 1.1167
I,

There is a dip at log «=1.192 or x=15.56. In Lhe case of N=1.5 and N=
2.1, R, peaks at approximalely the same value of «=2.90 as for N=1.1
and N=1.3. The values of I;®/1,®) at «==2.90 are respectively equal to
1.1852 and 1.3961. There is an appreciable dip in R, for N=1.5 at log
2=1.0792, or a=12.00 where I,®)/T,®} = 0.5490, and there is an appre-
ciable dip in R; for N=2.1 at log «=0.8451 or «=7.00 where 1,0} /T,®} —
0.2533.
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In figure 2 log R, is plotted versus « for the same values of N as
in Figure 1. These plots behave overall as those in Figure 1 except for
an appreciable increase in the number of peaks and dips as is generally
the case in Mie scattering in the backward direction, Patitsas. At the
pronounced peaks at log « equal to 0.4914, 0.5185, 0.6020, and 0.6990
for N=1.1, 1.3, 1.5 and 2.1 respectively, the ratio I,®/I,® has the res-
pective values, 2.5544, 5.5803, 6.1552, and 4.5630. At the corresponding
pronounced dips at log « equal to 0.6021, 0.60:21, 0.6990, and 0.9031, the
ratio I,%?/I,®) has the corresponding values, 1.2588, 3.0422, 4.4585,
and 1.6459. Tt can be stated that for values of log «>0.3200, or «>2.09
the back scattering cross - section for the particle is considerably lar-
ger than that for the bobble for all real N>1.1.

In Figure 3 log R, is plotted versus « for the real part of N, NR=1.1
and for several imaginary parts NI of N ranging from 0.0 to 0.11 printed
near each graph on the right hand side of the Figure. The graphs for all
NI>0.05 may be extended toward the point where the graph for Nl=
0.06 ends,i.e. for ali NI, R;—1.0 as a—0.20. The same may be stated for
all graphs which appear in the following Figures 4-10. The same plots
are repeated in [Pigures 4 and 5 but for NR=1.30, 1.50, while in Fig. &,
for NR=2.10, the crowding of the graphs allowed only those plots for
NI=0.00, 0.03, 0.06, and 0.11 to be presented. The implication of these
plots is clear, 1.e. the introduction of a small imaginary part in N;, or
equivalently, a small conduectivity in the medinm making up the par-
ticle, causes R, to decrease monotonically as Nl increases; in other words,
it renders the bubble a more efficient scatterer in the foward hemis-
phere as compared with the particle in this respecl. It is seen that the
smaller the value of NR the more pronounced is the effect of NI, In Fign-
res 7-10 log B, is plotted versus « for the same values of NR, NI ax in
Figures 3-6 for log R;. The implication of these plots is the same as those
for R, It can be seen, especially in Figures 7 and 8, that Lhe effect of
NI in reducing the value of R, is more pronounced than that in the case
of R;.

The ralio 1, /I;==0Q, defined as the ratio of the intergral of i, over the
forward or backward hemisphere tothalof i, isplotted versus, o, 0.2 Lo
2.0, in Figures 11, 12, and 13 for N equal to 1.20, 1.50 and 2.10 respecli-
velv. The subscribts of Q, i.e. f and b stand for the forward and back-
ward hemispheres respectively, while the superscripts p and h stand
for particle and bubble respectively. From eq. (15) Q;®, which equals
Q,%), equals 0.5070, 0.3322 and 1.1460 for N=1.20, 1.50 and 2.10 res-
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pectively, while Q.®), which equals Q,®), equals 0.8264, 1.0041 and
1.2101 for the same values of N, It is observed that the values of  for
#=0.2 calculated by using eqs. (6), (7) and (14) agree quite well wilh
those obtained from eq. 15, valid in the limit «—0. In all three cases of
d flerent N, Q,® and Q;® aquire values near one as «—9.0. It may be
stated that the forward scattering cross - section for particles and hub-
bles, may be computed using tlhe relatively simple scalar theory when
« 18 not very small, i.e. not smaller than 4.0 in the case N=2.10. Values
of Q,® and of Q,®* for N==1.50 and N=1.20 respectively were computed
for 9.0L0.£24.0; they remained quite near their values at «=9.0. The
computations which resulted in these plols were repeated for the imagi-
nary part of N, NI=0.05. It was observed that the only effect of NI was
1o reduce the amplitude of the oscillations of the plots, especiclly so
for 2>4.0. Thus the value of 3, at x=7.4 and for NR=2.10 18 reduced
from 1.92 to 1.30 when NI is increased from 0.00 to 0.05.

CONCLUSION

In this paper, a particle has heen defined as a spherical particle
of radius a and complex refractive index N,=N,, +Ny; lying in a medium
of real refractive index N,. A bubble has been defined as a spherical
particle of radins a and of real refractive index N, lying in a medium of
complex refractive index N,. It has been found that in the Rayleigh do-
main, where lhe size parameter w=2ra/x is less than approximately
0.3, and for |N;|>N,, the bubble scatters a plane electromagnetic wave
of arbitrary state of polarization more strongly than the particle, the
case being more so as N=N, /N, increases. As o« becomes larger than 0.3,
l.e. as the scattering enters into the Mie domain, the ratic of the forward
scattering cross - section for the particle to that for the bubble increases
for all cases of different N considered. It reaches a maximum of approxi-
mately one for «~3.0. The ratio of the back scattering cross - section
of the particle to that of the bubble also increases as « increases into the
Mie domain. It becomes approximately one for all N constdered for «=2.0
and it peakes to the value gix at «=4.0 for N=1.50. The introduction
of a small imaginary part in N, or N, i.e. the introduction of a slight
conductivity in the medinm surrounding the bubble, results in a de-
crease in the ratio considered in both the forward and backward hemis-
pheres, this being more so in the backward hemisphere. It has been deter-
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mined that the forward scattering cross - section for particles and bub-
bles may be computed using the simple scalar theory as opposed to using
the Mie theory for values of ax>4.0.
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Figure 11 - The dependence on o of the ratio Q=le/Is=ratio of the electromagnetic and
sealar cross - sections in the forward and backward hemispheres for particles and bub-
bles for N==1.20.
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