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Abstract: The behaviour of differential systems with perturbations is investigated
with respect to certain time - varying subsets of the stale space gnd their proper-
ties do not only yield information about the stability of a sysiem but alse estimates
of the bounds of the system trajectories.

The resulls which are established yield suffieient conditions for stability and
inpolee the existence of Liapunoy— Ilihe funciions which do not appear to possess
the usal definiteness requirement on V and .

1. NOTATIONS AND DEFINITIONS

Consider the differential equations
x =f(t,x) (1)
X = £{t,x) + u(t,x) (1)

where f,f4+ u e G{[ty,0) x Re, Bn), and we suppose that we have
uniqueness and continuity of sclulions with respect to initial data.

We denote with S{t) the closure of S(t), with ¢S(t)the comple-
ment of S{t) and with »S(t) denote the houndary of S{t}=Re

Also, the function V:[ty, =) x B2 — R is of the class Cl' with
respect to (1,x), VV is the gradient of V, Ve {t,%) :% + < VV, I,
<. > where denote the inner product, and

vy o omin vex), VEM = max Vi, x).

x € 28(t) x & os(t)

Let S(t) = Rn, »w t& [ty =) and we assume that:
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{1) (5(t) is an open region which ig simply connected,
(i1} S{t) is bounded and cS(t) is connected set,
(ii1) tmS(t) = 8{t'), for all t,te [ty o).

b=t

DEFINITION 1. The system (1) is stable with respect to (Sy(t,), S(t),
5, tor 111 ), Sp=S,(ty) = S(ty), S, n3S(ty) = @, if for every tra-
jectory x(t), the conditions x(t,} e Sy(t,) and jult,x) ) < 8, » t=t,,
x € 5(t) implies that x(t) e S(t), for all t = to

DEFINITION 2. The system (1) is uniformly stable with respect to
(Solte), S(E), 8, to, - 1), SOUt) = Sglt) = S(t), 2Se(t) n 28(1) = @,
wit= ty, if for every trajectory x(t), the conditions x(t,) € S,(t,) and
uft,x) | <& ¥ t=t;, xeS(t), implies that x(t) e S(t) for all t=>t;=t,.

2. STABILITY THEOREM

The theorem is based in the following lemma.
LEMMA : Suppose S: [t;, «)—=P[R2), imS(t)=5(t") — P(R») is the
b=t

set of all subsets of Rr-and such that S(t) is bounded and ¢S{t) is con-
nected for all t, t € [ty, ). Then the system (1) is stable with respect
to (Sg(ty), S{£),8.8, 1 -l ), if and only if the system is stable with re-
spect to (354(te), S(t), 3,tg, § - 1 }, where Sy(t,) 1s closed subsed of S(tg).

The proof of the lemma is similar to the proof of the Theorem 3
of J. Heinen [2].

THEOREM. The system (1) is stable with respeet to {(8,(t,), S(t),
8, by, [1 - 1 ), Where So(to) = So(bg) = S(tg) and 3Sy(ty) n 9S(by) = 2, if
there exists a continucusly differentiable function V{t,x) and two real-
valued funclions o(t), p(t) which are integrable over [tg, o) such that

(I} Ve (6x)<o(t), ¥iz=ty, xeS(t}

i

(i) [ Lo(s)+ Bp()1ds = VI (1) — VI (o)), s> 1,
to

PROOF.

Let x(t) denote an arbitrary trajectory of (1} with initial conditions
such that x(ty) € 35,(t,). Assume that there exists a t; € (t;, =), the
firgt point in (ty, e} such that x(t,) € a5(t,).
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Evidently for all te[t,, t;), x(t) e S{t).
Now we can write

t
Vit x(6))=V{lo, x(te)) + [ V(s, x(s))ds.
ti0

In view of hypothesis (i) and (i1}, one obtains
Vit x(ty) < VoM (o) 4 [ [o(s) + Bpls) s

and by applying hypothesis (iii) to the above inequality it follows
that

Vi, x(t)) <293t (5) 4 VIS {Ea)(t,) — vSoltol (1),

or Vity, x(ty) < VIS h(t,)
which is a contradiction to the original assumption.

Hence the system (1) is stable with respect to (35,(ty), S(t}, 9,
tgy || - || ), and bv lemma, is stable with respect to
(So(to)a S(t}y 3) tOw H M H )

REMARKS

a) If, in Theorem, the hypothesis (iii) to become

¢
[To(s) + 3p(s)1ds < VI M) — V3ol (1), v £ 4, 2 8,
£y

then the system (1) is uniformly stable with respect to (5,(ty), Sit)

8, toy 11 )y Selty) = go(tl) < 5(t) and 3S,(t;) N aS(ty) = &, w t1=> 1,

b) If we will suppose more that lim S(t) = {a}, a € R», then the sy-

t—>oo

stem (1) is asymptotically stable (resp. uniformly asymptotically) with
respect to (5,(ty), S(t), {a}, 3, t,, 1.1 ) Le. is slable (resp. uniformly
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gtahle) with respect to (Sq(14), S(t), §, ty, | . | ) and for every solution
x(t), of the system {1}, with x(t) = S,(ls), we have lim x(t)=a.
b= co

¢) For special case we can to obtaing Sy(t) = S={x: x| < &}
and S(t) =S ={x: | x| < =}, with ¢, <¢,.See[4].

d) This type of stability have also been discussed in [3] for the case
u(t,x)=0 ie. for the unperturbed system x = f(f, x).

REFERENCES

1. ConpingTow L. and N. Levinson. «Theory of Ordinary Differential Equations»
Me Graw Hill, New York, 1955.

2. Hemnew, J. «Strengthened theorems for set stability cof differential equations»
Int. J. Systems Sc., 1973, Vol. &, p. 511-516.

3. MicuEL, A. «On (he bounds of the trajectories of dilferential systems», Tnt. I.
control, 1969, Vol. 10, No 5, p. 592-600.

. Werss L. and E. InpantE, «Finite time stability under pertnrbing forces and on
product spacesn, TEEE Trans. Automatic Control AC-12, p. 54-59,
{1967).

W

WnoiakA BiBAI0BAKN OgdppacTog - TuAua MewAoyiag. A.MNM.O.




[MEPIAHYH

EPI TQN OPATMENLON AYZEON ATAGOPIKQN ZYETHMATQON
ME ATATAPAEEIX

Ao
OOMA KIBENTIAH

{ Mabnparixd Znovdacriigio Hav fulov Oca fvixng)

Mehetatar 7 ouumepipops Srpopmdy auaTnudtey wi Stepabzig e
TpoG PeEpLea DTOCIVORe Tol yipou QEosog oL pstafdiiovies pd T yedvo
A LI R\ 2 N -~ N 4 A ’ A 3 > A r—
xorl of BubTnrés-Toug 82y wig Slvouy pévo manpogoples vk Thv edotdbai Toh
ovaThputos, dAaka &miome el v Ta @pdypaTa THV Abesdv-Tou,

Ta drorehéopura mod dvagépovrue Stvouy luovig suvlixes yid whv sd-
oralein wal yeneomooby thy dmuply wdc Liapunov suwvdprnong V, yuplg
L 3 ’ ~ \ ks A c 2 A Al 1
iy amaltyorn tod ouvrbioudvon Betiex ¥ dpvnried dpropdvn, ik Ta V, V.
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