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Abstract: A detailed expositions is gicen of calculations reported preciously in
ref. (1) and in addition it is verified by the method adopied namely the Lie alge-
braic one that the charge associated with the 18 dimensionsl Bhabha ficld is in-
definite,

1. INTRODUCTION

In a previous paper? (refered to as (I}) it was shown that the 20
1m

dimensional matrices Limd , (k =0,1,2,3) appearing in the Bhabha wave
equation? based on the 20 dimensional representation of the group
S50(4,1) appropriate for the description of spin 3/2 particles are given
by the linear combinations (27}, (28), (29) and (30Q) of ret, (I}. In
the present paper we shall study the 16 dimensional representation
of the group S0(4,1) in connection with the spin 3/2 Bhabha field.
In this case the above linear combinations read:
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18- dim

L, =iV3 I'is_aim (2;2) + iyﬁ_Fla-dm(;%)

16-dim 3 - ) 3 —
Ll =1 .l/7 Iis_aim (Bal) — 1 V‘? Fla-d]m(e_al) +

+1 V— IMe_aim ea1+2a2)-—1 2 FIB :um(e a1— 28.2) ;

18- dim ) — oy —
Ly =— Vf‘g* s aim (04y) — Vg- T aim(B_ay)—
— V:;’— Plﬁ_dim(ga1+2a2) — V% Flﬁ_dim(_gualeag) ,

16-dim

L, =—6i Plﬂ_dim(l-i:.g)-

We shall see also how the hermitianizing matrix transforms under the
transformations of the group SO (4,1) which also belong to the group

SO(3,1) and finally using the eigenvalues of L. " and the hermi-

tianizing matrix Ais aim we shall calculate the charge density associate
with the 16 - dimensional Bhabha field.

2. 16 - DIMENSIONAL REPRESENTATICN OF B,

Using the dimensionality formula:

N:—é-(q1+1) {gz + 1) (@2 + qe + 2) (21 + q=2 + 3),

given in ref. (I) with N=16 we find u =1 and g =1.
The highest weight of the representation then is

3

Ar=qih + qzha = 5 a1 + 24z,
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The other weights are:

3
A2=—231+az,

Aa=—1-a1+2az,

2
1 s
A=A = oAt a (of multiplicity 2),
1 N
Ap=Ar= oA (of multiplicity 2),
1
As == 5 81—,
1
Ao =— ) 1 + as,
1 e
A =An=— 5 A (of multiplicity 2),
1 e
Az =Aiz=— o5 a8, (of multiplicity 2),
Au=— a2
14 =— 5 a1 — 48g,
3
A]b =—7a1—2a3,
3
Ag=— Ty 2as.
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The weights can be arranged in a weight diagram which we omit.
The basis elements of the Cartan subalgebra are:

I{fe) = — T{f) =%

5 dlg{isz;_ 1:030r12112!_ 2;_' 1:'_ 11010’1:'— 21_1 };

and

I'(hag) = ]12- I'(hs) = -1% dig{1,—1,3,4,1,—1,—1,—33,1,1 1,1, —3,1-1}.

Constructing the differences Ay— Ay, 1,] =1,2,...,16, we find that

—

the matrix I'(es;) has elements different from zero at the positions
(p.q) = B,1), (42), (52), (9,4), (9,5), (10,6), (10,7}, (11,6), (11,7),
(12,8), (13,8), (15,12), (15,13), (16,14).

— —

The matrix I'(e_s;) is taken to be equal to — I'tr(es;). Similarly the

matrix P(Ezg) has elements different from zero at the positions:
(p,g) = (2,1), (43), (53), (6,4),(6,5), (7,4), (7,5), (86}, (8,7}, (10,9),
(11,9), (12,10), (12,11), (13,10), (13,11), (14,12), (14,13}, (16,15).

The matrix P(;nz) is taken to be equal to —-[‘"f;az).

The matrix I‘(_éalﬂz) is given by:

- 1 — —-
I’ (eay+az) =N [LCesy}, I'(eag) 1.,
81,82
The matrix F(Z_al_aa) is taken equal to —T"‘f(galﬂz).

The matrix I'(es;+2s9) is given by:

— 1 —> —_

Ieagtosg) = [T'(eaz) , I'(eaz+an)]- -

Nag-, a1 +a2
The matrix I‘(:_Bl_z;,a) is taken equal to — I'V @a1+233).
Working as for the 20 - dimensionalt?'® representation we find by solving
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the set of simultaneous equations in the quantities ey, €i that a

possible solution for the €y is:

1 1 1
Eai=+% =, 6E58= 0, Eiz==% & , e =0, Erna==4 =
23 2

V3’

1 1
En5 =0; Eays = Z_V_g’ ’ Egp == 0) €syr =% E ’ €19 = 0 ’
1 i
Ewye ==+ 5 Eiz0 =0, Euun== 5 €180 = L ’V-g , €s,u=0,
1
€1 =+ — =, Bz = 0
213
Choosing the positive sign for the € and wsing:
16—-dim [ P
L, — iV'3 T'(eay) + iV3 T'(e uy)
we find,
( . -1/273 . . - « . - . - - . . . . .
1/ L . . . . . . . - . . . R . 1
L
1/z . . . -1/,
~1f2/3
/243 .
e . . . ~1/2 .
1/2
:_:-'Li—i -i/2
vz . . . -10% .
-1/242
17247 .
1/ . . - -1/2
; 12
. -1/2/3
iv L 1/242 _]
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This matrix has eigenvalues,

M=RA=Mg=—A =k =2 = %,

1
7\727\8=7\9=7\1027\11=7\1z=—~2—,
7\1317\14=7, 7\15=)\15:_%7

and the masses associated with the field are:
mm:'x—:ﬂ: 21 mays=—% =4 2.
+ 3/2 3 d = 1/2

3. TRANSFORMATION PROPERTIES OF THE HERMITIANIZING
MATRIX A

We show in this paragraph that the hermitianizing!'® matrix A
satisfies the relation:

T+AT=A, (+ =Hermitian conjugate), (2)
for every tramsformation of 50(4,1) which also belongs to S0(3,1)
We demonstrate the validity of this relation in the case of the spin
% equation of Bhabha based on the 20 - dimensional representation.
It is sufficient to prove it for the infinitesimal transformations. Let.
T =1 + €ly; be an infinitesimal transformation which can be either a
rotation on the plane {i,j) or a boost in the direction perpendicular
to the plane (i,j). Iy stands for the infinitesimal generators and € is
the infinitesimal parameter. Expressing the generators Ii; by their 20 -
dimensional representation matrices™'® I'sp_aim(I1y) we have:

T =1 4+ € Feo_am(ly).
Substituting for T in (2) we get:
T+AT={1 + € Too-am(Iu}}* A {1 + € To-am(Iyy)}
= {A + € Tag_am(lyy) A}{1 + € D20 (l1s)}
=A +€{T*0-am(Iu) A + A Tz _am(Iy)} + 0 (2).
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Thus in order that (2} holds it is necessary that :
{T20 am{Iy) A + A Tzo_am(liy)} = 0.

The matrices Dpo-am(lyy) are connected to the matrices

—

I'20_dtm (Knl), I'20_aim(hag) ... I‘zo-dtm(_e.:alfﬂnz)

which form the basis elements of the Lie algebra, by the relations:

{i) a0 —atm (I1,2) =1 g0 —aim (Kal) + —2,— 1 I'so —qim (Kuz),

(ii) Lap kdim(llsﬂ) - ]li-"} I'go -am (_(;nl) ll;% Iz dim(g nl) +
s > V'3

V = a3y _aim (€ag+209) + 7y Pﬂﬂ—di_m(e —a1 -283),

(i) Too-am(li,e) =— V'3 Tao-aim (-g51+52) +V 3 Tew dim (_‘;—51 —aa),

(iv) Tw-aim(lzys) = Z?_ I'ap dimieal) +1 ‘{/% Ta0 —di.m(glal) +

V3 - V3 -~
+1 V% I'z0 -aim(€aq+209) — V_3_ I20 —aim (€ ~ay -283 ),

(v) T am(lae) =—iV3 on-dim(:;al+ag) +iV3 Pan-ulm@—al —83),

(vi) Tso_aim(Is,0) =—V3 I's0_am (éng) +V3 Pso—dlm(_‘;kne)-

As an example, Iet us show how one proves the validity of
T+AT = A when T is chosen to be:

T =1+ & 'so-am(Iz.0). 3)

Using the matrix realizations of the matrices Fﬂo—dtm(e—:1+ag)
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I20_aim(€-s;-5y )1 we find applying (v} the matrix DTso_am(l2,0} and then
by taking its complex conjugate transpose we find I'zo_aim(I2,0). Then
using the hermitianizing matrix Az am given in (1,2) we construct
I'20-amn(lz,0)A and also A Tao_aim(lz,0). Adding these two matrices
together we find that:

f*20_aim (I2,0) A + A Uso—aim{lz,0) } =0,

and hence T+A T =A when T is chosen asin (3). Similarly we find
that the same is true for all the other gensrators [ao_aim(Li;).

4. CHARGE OF THE 16 DIMENSIONAL BHABHA FIELD

With the 16 dimensional Bhabha field one can associate the charge
density So = ¥*Aie di.m]-..iis_dim ¥ where ¥ has 16 components and ¥+

its hermitian conjugate. The total charge is { So dv. We consider that
16-dim
frame of reference in which A aim L, is diagonal, and let

dim

16-
An,n = 1,2,... 16 be the eigenvalues of Ajs_aim Lo and ¥, the
components of ¥, Then:

16

Ja¥ = > Al Wa.
n=1

16—zl

So = ¥+ {Aus -aim L

This is definite if the eigenvalues A. have the same sign. To find the
l6—dim
eigenvalues of Ay aiml., we use the theorem given in ref. (2) and

the fact that for the 16 dimensional representation the hermitianizing
matrix has the functional form:

1 _16-dim 16-dim
Atoam == Ly AL, R T)

Thus for the eigenvalues M=ls=Aha=M=1s = hs = 1/2 of Lloﬁlmm
we find:
1

Al =n =§) =h{ —é M2 —7}=—

1

5 =Az =As =As =As =As
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Similarly we find for the eigenvalues

16—d1im
M=k=le=Aw=Aii1=hs=—1/2 of L, the eigenvalues:

1
Ar=tf (e =— 2—) =_*;* =MAs=Mo=Ap=An=An.

For the eigenvalues hs =31 =3/2 we {ind:

3 3
A =12naf(ha = -7) =g = A
and for the eigenvalues Ais =2 =-—3/2 we find:
: 3
Ars =215 f (s =— *3— )= > = Ate.

Hence the charge density for the 16 dimensional Bhabha field is:

1 12 * 3 16 *
So=— -7 z IP'k‘Fk 4 — z IP'j ¥
k=1 j =13

which is indefinite. Thus the charge is indefinite as well.
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MEPIAHYH

MEAETH THZXZ 16 - AIAXTATHY KTYMATOEZIZQZEQE
TOT BHABHA KAI TOY ®OPTIOT THX

‘Tt
X. I KOTTPOTAOT~

Touéas Oewpnrinic Pvawxi
Havemornuiov St Andrews
St. Andrews, Fife, SCOTLAND

Zrry epyacia adth ddetar pia Aemropegne Enleor Smoloyiopdiv mob
Eyouv avaxowabel mponyoupévas omiyv épyasie (1) xal émmpdolera dmo-

SevovbeTtar pé v pélodov e diysBpac Lie mou sz violemylel i34 8mu
70 goptiov Toh 16 - Sidotaton mediov Bhabha elvar dngosdiétiorov.

* Ilapolow dedfuven: Lmoubastipio Bewpnrudic Puandic [avemarniion Beacarovixrg.
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