Sci. Annals, Fac. Sciences, Univ. Thessaloniki, 23, 99 (1983)

DISTRIBUTION OF MASSES AND CHARGE DENSITIES
OF SPIN 5/2 AND 7/2, FIRST ORDER WAVE EQUATIONS
BASED ON THE GROUP SO(4,1)
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Abstract: The distribution of masses and charge densities of spin 52 and 7/2 first
order wave equations based on the group §O(4,1) is studied and is shown that the
charge associated with these fields is indefinile.

1. INTRODUCTION
In this paper we are concerned with wave equations of the form!-2:

¥ ¥ ¥ a¥ .
Loa—m+L1—bx—1+L2E+La—a—i:+lx‘F—0 (1)

where Lk, k =0,1,2,3 are four matrices of appropriate dimension de-
pending on the representation according to which the wave function
¥ = (¥, ¥a,... ¥a) transforms and y a constant related to the mas-
ses of the particles described by the field (1). In particular we shall
concentrate on two kinds of fields namely the fields of maximum spin
5/2 and 7/2 respectively whose underlying representations belong to
the group SO(4,1) and we shall give the masses and charge densities
associated with these fields. The masses m; associated with each field
are directly related with the eigenvalues a1 of the matrix Lo via the

formula my = _lx_ . Also with each wave equation the quantity p can
i
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be associated known as the charge density and given by the formula
p =¥+ALoY¥ where ¥+ the hermitian conjugate of ¥ and A the her-
mitianizing matrix associated with the concerned field.

2. THE SPIN 5/2 FIELD

There are three different possible representations of the group
S80{4,1) which can be used to describe particles of maximum spin 5/2.
These representations are Rs(5/2, 5/2), Rs(5/2, 3/2), Rs(5/2,1/2). With
respect to the four dimensional Lorentz group they acquire the de-
compositionss:

1) Re(5/2,5/2) = Ra(5/2,5/2) @ Ra(5/2,3/2) @ Ra(5/2,1/2)
(56 - dim ) (12 - dim) (20 - dim) (24 - dim)

2) Rs(5/2, 3/2)=Ra(5/2, 3/2)®Ra(5/2, 1/2)®Ra(3/2, 3/2) ®Ra(3/2, 1/2)
(64 - dim) (20 -dim) (2 -dim) (8-dim) (12 -dim)

3) Rs(5/2,1/2) = Ra(5/2,1/2) @ Ru(3/2,1/2) @ Ra(1/2 1/2)
(40 - dim) (24 - dim) (12 - dim) (4 - dim)

Case I: Representation Ry(5/2,5/2), (56-dim).

In the case of the field of maximum spin 5/2 the matrix Lo breaks
into three compartments corresponding to spins 1 =5/2,1=3/2,1=1/2.
The eigenvalues of Lo (and hence the masses of the particles) are dis-
tributed among the three different spin states as follows:

For 1=5/2: M =52, l=—5/2, =232 M=—32,
e =1/2, ra=—1/2.

Forl=3/2: Mm=3/2, xn=—3/2, h=1/2, rxn=—1/2
Forl=1/2: am=1/2, r=—1/2

The matrix Ly in the frame which makes it diagonal has the blocks:
L5z =diag {5/2, —5/2, 3/2, —3/2, 1/2, — 1/2},

L2 =diag {3/2, —3/2, 1/2, — 1/2},

Lol/2=diag {1/2, —1/2}.
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The hermitianizing matrix A corresponding to Lo is given by the for-
mula:

2Le
A= 51

{16Lo* — 120Lo% 4 149},

Hence:

Asp=diag {1, —1,— 1, 1,1, — 1}
Agp=diag — 1, 1,1, — 1}
Aip=diag {1, — 1}

To decide about the charge associated with Lo it is sufficient to find
the eigenvalues of Alp. This is equivalent to finding the eigenvalues
of ALY, for every . Thus we have:

Asplo®2 = diag {5/2, 5/2, — 3/2, — 3/2, 1/2, 1/2},
Agple?? =diag {— 3/2, — 3/2, 1/2, 1/2},
Aiplo'? =diag {1/2, 1/2}.
We see immediately that the eigenvalues of ALy do not all have the
same sign and hence the charge is indefinite.
Case [I: Representation R (52, 3/2), (64-dim).
The eigenvalues of Lo are distributed among the three spin state
as follows:
For 1=§[2: mM=1/2, r=—1/2, =32, Mn=—3)2

For 1 =32 Mm=1/2, d=—1/2, %=3/2, r=—3/2,
A =52, Ae=—D5/2, A =1/2, a=—1/2

For I1=1[2: Mm=3/2, x=—23/2, Ma=1/2, ln=—1/2,
and hence the blocks corresponding to Lo are:

Lob2 =diag{1/2,—1/2, 3/2,— 3/2}

Lo*2 =diag{1/2,—1/2, 3/2,—3/2, 5/2,—5/2, 1/2,—1/2},
Lol/2 = diag{3/2,— 3/2, 1/2,—1/2}.

The hermitianizing matrix has blocks:
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As;z =diag {1, — 1, — 1, 1},

Agp=diag {1, — 1, — 1, 1,1, — 1, 1, — 1},

Aip=diag (— 1, 1, 1, — 13},

and thus for the blocks of Al we {ind:

Asplo®2 =diag {1/2, 1/2, — 3/2, — 3/2},

Aapmlo®2 =diag {1/2, 1/2, — 3/2, — 3/2, 5/2, 5/2, 1/2, 1/2},
Aipplot2 =diag {— 3/2, — 3/2, 1/2, 1/2}.

Hence the total charge is again indefinite.
Case III: Representation Ry (5/2,1/2), (40-dim).

The cigenvalues of L, are distributed among the three spin states
as follows:

For 1=456/2: m=1/2, r=—1)2.
For 1=23j2: m=1/2, ra=—1/2, 2=23/2, m=—3/2.

For l=1/2: a=1/2, da=—1/2, ha=3/2, =—3/2,
b=5/25 A3="_—5/2;

and hence the blocks corresponding to it are:
Lob2 =diag {1/2, — 1/2},

Lo32 =diag {1/2, — 1/2, 3/2, — 3/2},

Lot/2 = diag {1/2, — 1/2, 3/2, — 3/2, 5/2, — 5/2}.
The hermitianizing matrix A has blocks:
Asp=diag {1, — 1},

Asgpp=diag {1, — 1, —1, 1,},

Ayp=diag {1, — 1, —1, 1, 1, — 1},

and the blocks of ALy then are:

Aspplo?/? = diag {1/2, 1/2}

AspLod/2 = diag {1/2, 1/2, — 3/2, — 3/2},
Arplol? =diag {1/2, 1/2, — 3/2, — 3/2, 5/2, 5/2}.

Thus the total charge is again indefinite.
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3. THE SPIN 7/2 FIELD

There are four different possible representations of the group SO(4,1)
which can be used to describe particles of maximum spin 7/2. These
representations are Rs(7/2, 7/2), Rs(7/2, 5/2), Rs(7/2, 3/2), Rs(7/2, 1/2).
With respect to the four dimensional Lorentz group they decompose
as follows:

1) Rs(7/2,7/2) = Ra(7/2,7/2) @& Ra(7/2,5/2) ® Ra(7/2,3/2) @

(120 - dim) (16 - dim) (28 - dim} {36 - dim)
Ra(7/2,1/2)
(40 - dim)
2) Rs(7/2,5/2) = Ra(7/2,5/2) @ Ra(7/2,3/2) ® Ra(7/2,1/2) @
(160 - dim } (28 - dim) (36 - dim) {40 - dim)
Ra(5/2,5/2) @ Ra(5/2,3/2) & Ra(5/2,1/2),
(12 - dim) (20 - dim) (24 - dim)

3) Rs(7/2,3/2) = Ra(7/2,3/2) @ Ra(7/2,1/2) ® Ru(7/2,1/2) @
(140 - dim) (36 -dim) (40 - dim) (20 - dim)
Ra(5/2,1/2) ® Ra(3/2,3/2) ® Ra(3/2,1/2)
(24 - dim) (8 - dim) (12 - dim)
4) Rs(7/2,1/2) = Ra(7/2, 1/2) @ Ra(5/2,1/2) ® Ra(3/2,1/2) @
(80 - dim) (40 -dim) (24 - dim) (14 - dim)
Ra(1/2,1/2)
(4 - dim)

Case I: Representation Ry(7/2,7/2), (120-dim)

In the case of the field of maximum spin 7/2 the matrix Lo breaks
into four compartments corresponding to spins 1 =7/2,1=5/2,1=3/2,
1=1/2. The eigenvalues of Lo are distributed among the four different
spin states as follows:

For 1=7/2: m=1[2, da=—17/2, d%=D5/2, M=—D5/2,
he=3/2, h=—23/2, A=1/2, re=—1/2

For 1=5/2: \1=5/2, X=—5/2, »=23/2, h=—23/2,
do=1/2, r——12.

For 1=3/2: m=3/2, d=—3/2, d=1/2, A=—I1/2
For 1=1/2 m=1/2, hg=—1/2.

WYnoeiakA BiBAI0BAKkN Ogd@pacTog - TuAua MewAoyiag. A.MN.O.



104

Lo in the frame which makes it diagonal has the blocks:
Lo7/2 = diag{7/2,— 7/2,5/2,— 5/2,3/2,— 3/2,1/2,— 1/2},
Lo5/2 = diag{5/2,— 5/2,3/2,— 3/2,1/2,—1/23},
Lo3/2 = diag{3/2 — 3/2,1/2,—1/2},
Lol/2 = diag{1/2,—1/2}.

The hermitianizing matrix A corresponding to Ly is given by the
formula:

210 4928 97216 414912
A = 5§ BALS — == Let + — o Lt — =

Hence the corresponding blocks of A are:
Azp =diag{l,—1,—1,1,4—1— 1,1},
Aspe =diag{~—1,11—1—11},
Asp =diag{l,—1,— 1,1},
Arjp =diag{— 1,1}
and the blocks of AL® are:
Agplo?2 = diag{7/2,7/2,—5/2,—5/2,3/2,3/2,—1/2,— 1/2},
Aspelo®/? = diag {— 5/2,—5/2,3/2,3/2,— 1/2— 1/2},
Aspld/2 = diag{3/2,3/2,— 1/2,—1/2},
Ay ppliol/2 =diag{— 1/2,— 1/2}
which implies that the charge is indefinite.
Case II: Representation Ry(7[2, 5/2), (160-dim).
The eigenvalues of Lo are distributed among the spin states as

follows:

For l=7/2 M=52, he—=—5/2, =32, M=—3/2
=112, 2a=—1/2

For 1=5/2: m=5/2, d=-—5/2, %=3/2, A=—3/2,
=12, he——1/2, A —7[2, re=--7/2,
=32, ro=—3/2, Mm1=1/2, r2=—1/2.
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For i=3/2: M=3/2, d=—3/2, Wu=1/2, rn=—1/2,
=32, M=—3/2, »=1/2, r=—1]2
For I=1/2: =12, M=—1/2, =1/2, r=—1/2
Lo in the diagonalizing frame has the blocks:
Lo"2 = diag{5/2,— 5/2,3/2,— 3/2,1 [2,— 1/2},

Lob/2 = diag {5/2,— 5/2,3/2~ 3/2,1/2,— 1/2,7/2— 7/2,3/2,— 32,
1/2,—1/2},

Lo3/2 = diag{3/2,— 3/2,1/2,— 1/2,3/2,— 3/2,1/2,— 1/2},
Lol/2 =diag{1/2,—1/2,1/2,—1/2}.
The corresponding bermitianizing matrix has blocks:
Arp=diag{—1,1,1,—1,—1,1},
Aspe = diag{—1,1,1,— 1,— 10,1,— 1,1~ 1— 1,1},
Agpp = diag{l,—1,—1,11—1,—1,1},
Ay =diagf—1,1,—1,1},
and hence the blocks of ALo are:
Aqpslo?? = diag{—5/2,—5/2,3/2,3/2,— 1/2,— 1/2},

AsnLob? = diag {— 5/2,— 5/2,3/2,3/2— 1/2— 1/2,7/2,72,3/2,3/2,
—1/2,—1/2),

Asslo®/® =diag{3/2,3/2,— 1/2,— 1/2,3/2,3/2,—1/2,—1/2},
ArpLol/? = diag{—1/2,— 1/2,— 12— 1/2}.

The charge 1s again indefinite.
Case III: Representation Hg(7/2, 3/2), (140-dim).

The eigenvalues of Lo are distributed among the spin states as
follows:

For I=7;2: Mm=1/2, YXo=—1/2, =1]2, =—1/2.
For I=45/2: m=1/2, N=—1/2, a=1{2, 2a=—1/2,
w=23/2, A=—3/2, M»=23/2, wm=—3/2
For 1=3/2: m1=1]2, a=—1/2, =1/2, rm=—1)2,
A'5=3/2: Ao =—3/2, 17:3/2: )"3:_3/2:
M=7/2, Ao=—17/2, M1=5/2, I2=--5/2.
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For I=1/2: m=1[2, te=—1/2, =32, r=-—23/2
=5/2, »=-—5/2

Lo has the blocks:

Lo?/2 = diag{1/2,—1/2,1/2— 12},

Lob/2 = diag{1/2, —1/2,1/2—1/2,3/2,— 3/2,3/2,— 3/2},

Lo*2 = diag{1/2,— 1/2,1/2— 1/2,3/2,— 3/2,3/2,— 3/2,7/2,— 7/2,
5/2,— 52},

Lol/2 =diag{1/2,—1/2 3/2—3/2,5/2— 5/2}.

The corresponding hermitianizing matrix has biocks:
Arp =diag{—11,— 11},

Aspp =diag{~—11,—111,—11—1},
Agp=diag{—11—111,—11,—11—1—11},
Arpp=diag{—1,11,—1,—11},

and hence ALo has the blocks:

Arpplo?/2 =diag{—1/2,—1/2,—1/2,— 1/2},

Aspli8/? = diag{,—1/2—1/2—1/2—1/23/2,3/2,3/2,3/2},

AspL®’? = diag {— 1/2,- 1/2,— 1/2,—1/2,3/2,3/2,3/2,3/2,7/2,7/2,
—5/2,—5/2},

Arjalol/2 = diag{— 1/2—1/2,3/2,3/2,—5/2— 5/2}.

Thus the charge is again indefinite.

Case 1V: Representation Ry(7/2,1/2), {80-dim).

The eigenvalues of Lo are distributed among the spin states as
follows:

Forl=7/2: ma=1/2, la=—1/2.
For 1=06/2: a=1/2, de=—1/2, =32, m=—3/2

For 1=3(2 m=1/2, ha=—1/2, %=3/2, »=—3[2,
s =5/2, hs=—5/2.

For 1=1i2 m=1/2, d=—1/2, u=3/2, M=—3/2,
he=5/2, M=—D5/2, W=7/2, le=—7[2.
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Lo has the blocks:

Lo/t = diag{1/2,— 12},

Lo®/? = diag{1/2,— 1/2,3/2,— 3/2},

1372 = diag{1/2,— 1/2,3/2,— 3/2,5/2,— 5/2},

Lot/2 =diag{1/2,—1/2,3/2,— 3/2,5/2,—5/2,7/2,—T7/2}.
The corresponding hermitianizing matrix has blocks:
Arpp =diag{— 1,1},

Aspg =diag{—1,1,1,— 1},

Agpp =diag{—1,1,1,—1,— 1,1},
Aip=diag{—1,11,—1,—1,11,—1},

and hence the matrix AL, has blocks:

Aqpple?/2 =diag{— 1/2,— 12},

AspLo?/2 = diag{—1/2,—1/2,3/2,3/2},

Aaplif2 = diag{—1/2,—1/2,3/2,3/2,— 5/2,— 5/2},
Arpplot?2 =diag{—1/2,—1/2,3/2,3/2—5/2,— 5/2,7/2,7/2}.
Thus the charge is indefipite.
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IIEPIAHYH

KATANOMH TQN MAZQN KAI IITKNOTHTEZ ®OPTIOY
TON KYMATOEEIZQIEQN TTPQTHE TAEEQE ME ZIIIN
5/2 KAl 7/2 110T METAZXHMATIZONTAI BAXE]
TQN ETOIXEIQN THZ OMAAOZ SO(4,1)
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Zrhyv dpyaola wltl uedetodue mv xavavops) thv paldv xal Tl murvd-
+nreg popriov Tév wupatoetlonoewy mpdtg Tafswe pé omtv 52 wal 7/2
wob petacynpatilovrat Pdoer Tdv orolyeiov g dpadoc SO(4,1) xai émo-
Setxviope &t T popiio mwod Eyer gyéay pt adtic Tig wuparsehiomastg elvan
dmposdidpraTo.

+ Iapobox SedBuvon: Zmovdaxatipio Bewprnrinds QPuatxilg Iavemotiuoy Beooarovinng
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