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Abstwract

It i1is seen how the new developments in Ageodetia

. Lo
sciences «<oncerning the devations of the Earth's

"surface from the shape of hydrostatic equilibrium

require changes in the approach to the observation and
data analysis of some Earth’s phencnena and also in the

curricula of aeodetic studies. The need of studies in

theory of elasticity and vrheology is here consadered.

New developments in Geodesy

In the late wyears “50s two important scientifiz events
aratified feodesy and opernes a mnew era. I refer to the
observation of the variation of the orbtital rcarameters
of artifical satellitez which allowed an  accurate
computation of the flatterning of the Earth and to the
observation of the free oscillations of the Earth which
allowed to compute the distribution of demnsity inside
the Eartin.

All understood the importance of this krowledge in the
description of the Earth but, I am afraid, rnot all
understood the {ar reaching consequences of this
krowledae concerning Geoaesv itself,

The kriowledge of the densitv distribution, for
ingtance, allowed to check the accuracy of the Radau
approximation wused in the estimate of the hydrostatic
flattening of the Earth or the 4 of the hydrostatiz
Earth, But the obserwvation of the artificial satellites

allowed the computation of the -J2 of the actual Earth.
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Since Jgg and Jg are different it was concluded
that the Earth is not in hydrostatic eaquilibrium; the
difference of the two bulges at the equator being about
10 meters.

Since it was noted (Caputo 1965) that the oblateness of
the Earth equator is of the same ovder of nagnitude it
was later concluded that the deviation od the Earth
from the hydrostatiec equilibrium is not of particular
phvsical significance especiallv concerning the Earth
rotationn rate variation in the past. which h2d  been
often assumed.

But it was also eclear that other ondulations of the
aeolid were an order of magnitude largev than that of
the deviation from hydrostatic equilibrium (Caputo
1965%) . @After elimimating the connection between the
hydrostatic flatternia =2nd <the rotation roate the
question of the origin ana support of the others much
more relevant, bulges remained oven,

These buloes are ooviously due to the topographv and to
the density »aromalies inside the Earth which may be
supported by tectonic foruces or by elastic forces .

The correlation with tectonic forces, namely
convection «celils, made by many, was suagestive but
never alobally convincaing.the support of elastic forces
implied studies of elasticity and rheoloay.

That 1is how. time, which 1left the scene with the
rotation rate, entered again in the discussion of the
most important and actual aeodetic problems.
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iﬂ fact, with the use rheolay ;e may find the right
approach to the observation in time and the appropriate
study of thése geoidal bulges.

To make more <clear this point I should mention that we
know very little of the Earth rheology, 2% 2 matter of
fact it is to me most misterious and mostly'a subject
of speculations; however it has bteen found that in an
anelastic sphere surface ondulations with differernt
wavenumbers have different decay (Caputo 19B4a, 19B4b,
1987) .

The impiications of this findina are inportant fo;
those who obserwve the ondulations of the aeoid in tinme
on the surface of the Earth,

In fact the obserwvations of the variation of heiaht in
a fixed point 1leads to the measure of the combined
effect of the different waves forming the bulne without
possibtility to resolve the contribtution of each wave
unless the exact shape of the bulge is known and some

information on the rheoloay is knowr.

Cbviously the wusual. pract_ice to reduce to the same
point the ob;ervations obtairned for different times in
different points, after discovering +the wavenumber
dependence of'the rheology, is not admissible and all
the discussions of the postaglacial uplifts ba;ed on

this type of data are now open to question.
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2.Rheology and Geodesy
recent years some interest has been given to  the
Problem of inferring the rheology of the mantle from
observation of the anelastic rebound of some reqgions of
the Earth which fhad been subiect to tﬁe load of ice in
glacial periods (for &n exaustive biblioagraphy see
Korning and MOller (1989, In these investigation the
rheology of the mantle has been assumed according to
various wmodels (KBenigq and Miller 198%9) +to reach
interestina conclusions and dowbts on previous results,
In the following we will discuass the problem from a
theoretical point of view showinga that in an anelastic
homogeneows sphere with radiugs v, ,subject to aw axially
symmetric surface adisplacement defirned by a =zonal
harmoniec of order w and for a wide class of rhecloagies
including . that of Maxwell,the relaxation furnstion
depends On T,
The implications on the discussiorn of some ogeodetie

problems will follow.
3.The relaxation of an elastic schere

Let the stress 1%3 strain E‘j relations be (Caputo

1987)

ﬁ#é‘.j +fl,(‘t}3-5;j'5,“/5)=2/t l-x E"-j-'cszj;_\ 8‘*5,,;.',‘ 1)

- 678

WYnoeiakA BiBAI0BAKN OgdppaoTog - TuAua MewAoyiag. A.lM.O.




where h(t) is 2 memory mechanism reocresenting the
rheology  of the schere, A and p are the elastin
pavameters. Let wus also assume that the sphere is
subjiect to a constant surface radial displacement

defined by

[5;-]“ =D, I, (605‘9) [,]

where E‘(cos &) is the Legendre polinomial of order n,

f:r (2)

is colatitude. L, is an amplitude factor and s, is the
radial dlsplacement' The distance from the center of

the there is 1ndicated with r and Se 15 the tanaential

displacement.
It is seern in the appendix that the Laclace Transform
(LT)  of the solution assuming A = K to simplify the

discussion and uwsing capital letters to indicate LT,'is

= (D, fE R 2(n-0 3 € 2ne3
Sr- 2p (I"o) "("‘*’)4'—“%%) [4-0- Ape) | ¢
Ce+pH
£+s+5ﬂ03
4:;);‘[“ et J 2, ()

3 nel { g
b [1+ s .’:*32:: 1] 6-&)) 4%
(2

C+pH

where p is the LT variakle and C =/u.(71+ 2 /3R 4

{(In + +13}L /).

A wide «class of rheologies is represented by h(t) =
-Z z-4 -4

m t /Tl &= =), H =M (Caputo 1984b) where n\_—; ar  em

sesz“ and = 15 a real numcer 0<{z{(1 . This leads to

the stress strain relations

N> R niteh ool X PRl ek Temm /26
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In this case the solution of (3}, assuming & = Cﬁn

$= Prfe) - peozmn ey ?“‘,:‘::““

4 n+t
' . ) B )
(- E25 5] Tt

= Un e 4 " = AN AP.,.
S, = Z—P‘(’rﬁ) 1‘22:1 - )‘) [«f(:iu)(l ("F’))%Jg’ FE}

The variable Part of the dlsplacement ire the sphere due
to the surface constant displacement (2) is then

(CaPuto 19E7)

oo
” =
= BE .s!nn'z j-expl-n T)
(T) = L Z du

x Bp‘ Wre2ucosrz 4 4

(¥] (5)
with T = tg#: the dinensionless time T 1is measwured in

-3

urats of B
It is thus clear that the part of the displacement in
the sphere variablie with time depends on n,

In the figures 1 through 5 the function x'(t) is aqiven

as function of T, Since T

tE the dependence ofx )
on = and n is obvious. Since the derivative of the
function ( 5 ) with restect to n is positive for all
values Df.t the values of the function are larger  for
larger n or the relaxation of shorter wawenumbers will
take shorter time.

The discussion conhern1noalfollous considering that B
which in general is smaller than one, decreases with
increasing ﬂ and therefore for all values of t the
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relaxation time increases with q if one keeps z
constant.

The dependence of the relaxation from = is very
relevant for values of = less that 0.1: the table shows

Vz
that the ratio {B(n = 2)/B(n =00)}

= .02 0.050.1 0.2 0.4 0.6 0.8 0.9

{B(n=2)/8(n=ao)f%0.7 10.7 3.26¢ 1,80 1.36 1.22 1.16 1.1¢

For a agiven q‘ = D, the same for 2ll n, the assymptotic

value of the disFlacement due to the relaxation is the

2 (55 fmgitenatp

BT b et e

(6)
For any given n, there is alwav a value ¥ of r

- 2

=T -(8mvdn- T, ®
F=T, e_xy[ ( “T)(Am -3ty 2oty Em +;)J »
7

such that, for any r smalier than ¥, the harmonics with
ordev larger than n have an assymptotic value smaller
than that of the harmonic n. Tris implies that in the
interior of the sphere the relaxation, in harmonics of
higher order, not onlv ozcurs faster but it also has

smaller assymptotic values.
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4 . Conelusions

The conseguences of the wavenumber dgpendence of the
rheology of the wide class of rtieologies considered,if
the rheoloay of the Earth is of this type, are
several; among others we note the following:

1) The postglacial rebound observations taken at
different points 2nd at aifferent time intervals may
not be combined and referred to the same point.

2) Tne observation of the postalacial rebound at a
single point, even for a lono time interval, allows
only to infer average vneoliogical properties of the
different wavenumters forming the residual deformation.

Z) Trne contripbutions of the different neoidal
pndulations, Frobablv orimanates at different times, to
the departure of the onservedA& from the hvdrostatic
one Jau . are decaving with different phases and

therefore thte d4differernce % _'au

is mnot sianificant
phyeircally to the ciscussione of the variation of the
Earth’s rotation rate,

4) For all = (0€z={1) the relaxation time decresses
with increasing n, esoeci1allv when =  is  small, This
is in agreement with the apparent dominance of the
shorter wavelenaths in most parts of the topoaraphies
of the Earth and of all gplanets and natural satellites
of known topography.

5) The relaxation time decreasing with inereasing n

favors the dissipation of energy in the lonager

wavelength and therefore encourages non linear
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prenomena and turbulence.

&) The results velative to tne assumption h(t) =q tsﬁh—z)

are immediately extended to the rheologies

defined by other functions h(t} such as that of

polycrystalline halite (Caputo 1987) for which H{p) is

tte ratic of two Polinomials in p, the numerator of

v

first order and the dernominator of second order.

Substitution in (2) stows that also in this <ase the

rheology is wavenumber dependent.

Apoendis

A c¢lass of solutions of the eaquations of statie

elasticity, converaing irn tre origin of coovrdinates is
represented by the followima wuniformly cornveraent

series (Caputo 1%941a,1%61ib)

e | el -4
PR NOCTRL RS

7 Su(Bn P10 8, ) STl 47

lﬂr

B = (1«3)10(’(1'51& _Ad&_
™ MR*(""uI“ med

f5$ﬂ.: ‘ann/A’L

(A1)

where Qt(cos9 ) is the Leagendre Pnlynomial of order n,

s, and 5' are the radial and tangential components of

the displacement respectively, q“’and ﬂumare arbitrary

constants to te determined by means of the boundary

conditions. Formulae (ARl are a particular case of the
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more aeneral solution obtained by Caputo
('961bh,19842,1987) for =» layered elastiz  sphere
expressed again bv means of uniformly convergent
series.

In the case.uhen the btoundary conditions are expressed

by (2) we find

A = Pmre (A 4fn-2)n)(m 41)
- 2m3-("ﬂr2)’o

A, - s 70 'r':""1 ((4\. DA +[(me 5)&)41.
$a- —
-lm A~ (6«#2)‘&

(RZ)
If the stres-strain relations are expressed by (1), the
LT of th%%olution of the gqusasi statizc equations of
elasticity is obtained «(Cacuto 1987) substituting/g

and A with

A [ (ae2p 042K (uep H) 5 s pHJ(pe pR)
' (RZ)

whevre H = LT (h),
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Figures captions

Fim.1 The function X}(t) with = = 0.1, In the Ilower
scale the value of t corresconds to (4T + 1)/n)(5‘7 /%M
)) t. In the too s<3les the values of t correspond to
((an  + 19/n)(5'v/3f¢)) t withn= 2, n= 10, n =°°
respectively. It 1is seen that the furction x (t)
reaches {aster anv fiwed value for larager values of n

or that the time of relaitation 1is decreasing with

increasing n, Note thnat t 1s in loa scale.

|
i

Fia.2 fAs in Fig.,1l for = = O,

13

12}

n
o

Figqa.3 As 1n Fig.1l for RN
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Fig.4 As in Fia.1 for =z = 0.6. HNote that here t is not

in log scale.

Fig.% As in Fig.1 for = = 0.8. Note that here t is not

in loa scale.

Fig.6 Variation of the sea level in the location
indicated 1n the insert map (Fennoszcandia), (after

Korniag and Milller, 1989).

Fia.7 Variation of the seas level in the locations
indicated 1in  the insert map (North America)l, (after

KBrrnia and Hiller 1929) .
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