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Abstl"-"lct 

It is seen how the new developments in geodet i.;: 

SCiences concerning the deY~t i Of,S 0 f the E'!lrth's 

surf<)ce frOM the sh'!lpe of hydrost~tic equilibriuM 

re9uire ch'!lnges in the ~ppro8ch to the obserY'!ltion ~nd 

d'!lt8 '!In'!llysis of some E8rth's phenomena '!lnd '!llso in the 

curricul'!l of geodetic studies. The need of studies in 

theory of el~sticity 8nd rheology is here consldered. 

1. NelJ developments 1n Geodesy 

In the l~te ye'!lrs '50s two important scientific events 

gr'!ltified Geodesy and opened 8 new era. I I"efel' to the 

observ8tion of the Y'!lri8tlon of the orbital c·al'ame ters 

of '!ll"tifi':al satellites I-Ihich 8llowed an .=JC':'JI"8te 

comput.=Jtion of the fl'!lttening of the E8rth '!lnd to the 

obSerYatlon of the free oscill.=Jtions of the E.=Jrth which 

.=Jllowed to compute the dlstribution of density inside 

the E;;JI,th. 

All 'JT,del"stood the lnlF'O\"t'!lf'Ce of this knolJledge in the 

description of the E.=Jrth but, I am .=J{raid .. not 811 

understood the far reaching consequences of this 

knowledge ,:once\-ning Geoaesy itself. 

The knowledge of the density distrib'Jtion, fOI' 

instaT, ..::e, allowed to check the '!lccuracy of the Rad.=Ju 

approximation used in the estimate of the hydrostatic 

flattening of the Earth or the ~H of the hydrostatic 

E;;Jrth. But the obSerV;;Jtlon of the artifici.=JI s<)tellites 

allowed the computation of the J of the actual E'!lrth.1 
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Since J~~ ~nd J£ are different it w~s concluded 

th~t the Earth is not in hydrost~tic equilibrium; the 

differen~e of the two bulges at the equator being about 

10 ~letel's. 

Since it w~s ryoted (Caputo 1965) th~t the oblateness of 

the E~rth equ8tor is of the s~me order of magnitude it 

was l~ter c6ncluded that the deviation od the E~rth 

from the hydrostatic eqUilibrium is not of particular 

physical significance especiallY concerning the Earth 

rotation rate variatior. in the p~st, 

often assumed. 

But it was also clear that other ondulations of the 

aeoid wel'e an order of magnitude larger than that of 

the de'v iation from hydrost~tic equilibrium 

1965) . After 

fl~ttenlg and the rotation rate the 

question of the Ol'igin an::> SUppOl't of the other'.$, much 

more relevant. bulges remained ODen. 

These b'Jl',?es ~re oc>vio'Jsly clue to the topogl'aphv and to 

tt,e der.sity ar,onlalies inside the Earth which may be 

supported by tectonic forces or by elastic forces 

The cOI'l'elatior. with tector,ic fOl'ces, namely 

convection cells, made by many. was suggestive but 

never globally convinclng.the support of elastic forces 

implied studies of el~sticity ~nd rheology. 

That is how, time, which left the scene with the 

entered ~Qain in the discussion of the 

most important ~nd actu~l geodetic problems. 

676 

Ψηφιακή Βιβλιοθήκη Θεόφραστος - Τμήμα Γεωλογίας. Α.Π.Θ.



I r, f <lct , with the use rheolgy we mDy find the right 

<lppro<lch to the obserY<ltion in time ~nd the <lppropri<lte 

study of these geoid;;]l bulges. 

To ~<lke more cle<lr this Doint I should mention th<lt we 

know very little of the E<lrth rheology, <lS D matter of 

f<lct it is to me Most mi;terious ~nd mostly ~ subject 

of specul<ltions; howe~er it h<lS been found th<lt in ~n 

<lnel~stic sphere surf<lce ondulations ~ith different 

w<lvenumbers have different decay (C<lputo 1984a, 1984b, 

1987) 

The implic<ltions of this findlng .n'e i ffiport<lr,t for 

those who observe the ondul<ltlons of the geoid in time 

on the surf<lce of the Enrth, 

In f~ct the observations of the vari<ltion of height in 

<l f i:< ed po in t le<lds to the me<lsure of the combined 

effect of the different waves formlng the bulge without 

possibllity to resolve the contribution of each W<lve 

unless the ex~ct sh~pe of the bulge is known <lnd so~e 

inform<ltion on the rheology is known. 

Obviol.Jsly the usu<ll. pl'<l,.::t_l'.::e to I'educe to tr,e s~~e 

point the observ~tions obt<lined for different times in 

different points, after discovering the wavenumber 

dependence of the rheology, is not Ddmissibleand ~ll 

the discussions of the postgl<lci<ll uplifts b~sed on 

this type of d<lt<l <lre now open to 9uestion. 
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2.Rheology ~nd Geodesy 

recent ye~rs some interest h~s been given the 

. probl em of inferring the rheology of the mantle from 

observ~tion of the anelastic rebound of soMe regions of 

the E~rth which had been subject to the load of ice in 

gl~cial periods (for ~n ex~ustive bibliogr~phy see 

KSrning ~nd MOller (1989». In these investigation the 

rheology of the mantle has been ~ssumed ~ccording to 

various nlodels (K~~nig and MUller 1989) to reach 

interesting conclusions and doubts on previous results, 

In the following we will discuss the problem from ~ 

theoretic~l point of view showing that in an ~nelastic 

homogeneous sphere with radius ~ ,subject to an axi~lly 

symmetric surface displacement defined by a zonal 

harmonic of order n and for a wide class of rheologies 

includin';1 that of Maxwell,the relaxation function 

depends Of, To. 

The implic~tions on the discussion of some geodetic 

problems will follow, 

3.The rel~xation of an elastic $Dhere 

Let the stress -r:. 
'J 

strain ii' relations 
~ 

be (C~puto 

1987> 

~~iiJ ~"(~ij-Jd"t"....P)=;i' -R-Ifeij+Jij~ R*£~~ (1) 
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IoIhe\'e h (t) is ~ memory mech~nism reares~nting the 

rheology of the sahel-e, /\ and f' are the el~stit: 

p~r~meters. Let us ~lso ~ssume th~t the sphere is 

subject to ~ const~nt surf~ce r~di~l displ~cement 

defined by 

[~,. ] = ])"'" !/)\. (COS 8') j [.5,,] 
r~ "0

=0 
r. ,.. (2) 

..... hel'e f' (,.::os r!f) is the Leoend\'e [)olinomi~l of o\'der n,~.-. ­ ~ 

is col'JtitsJde. D"", is "H' ~mplit'Jde fCl,.:tOl' <lnd 5,. is the 

r~di~l dIsplacement, The dlst~nce from the center of 

the s phe" e is I n d i ': ate d "". i t r, r ~ n d s. 1 S the t ~ r, 9 en t I a 1 

displ-"lcement. 

It is seer, in the .;)Fper,di;·; th<lt the Laal-"ll.:e Tl'<lnsfol'm 

(L T) 0 f t r. e so l'J t Ion ~:J S S 'J mIn 9 ~ = f< to s imp 1 i f y the 

dlSI:usSlon -"lnd 'Jsir,g '':<lFit<ll lette"s to iT,di'':Clte LT,' is 

$ ~ ~ (L)'\·'f-L.;.') 2(rl-/) lr-.\" [J C2.,..,."3 ,.r" 2. p 1"', (~41\+ 4 rf;) ., + rc;:;r
 
C+r H
 

.,. lfu...)'t<. r. , 1~+;1b3] J

L"I\'T\.-t.o\o) I (t.lJJ.9-)

.qn:t\ Lf+ t .. H "'" 

c.e _ J)" lrS"'·'[2"M4 [ Co &¥3H'1l.+ 
ve- 2r \7J 4"".4 1+ _ _19\(2"",. 11o-(·m~ 

(3) 

where p is the LT Y<ll'iat·le <lTld C =r<A+ 21" 13)!( A. + 

(3n + +1i}L/n),
 

A wide cl<lsS of rrleologies is l'eFl'esented by h (t)
 

-:z ~-f .~
1984b) cn,"l t !r<1 - z), H =1 p (Cap'Jto whel-e "\= gr

-2·.set::' Clnd z IS "l re"ll number 0(;: <1 This le-"lds to 

the stress str"lln rel-"ltlons 

1) ';jZ'?:ij!IJ 1:- -t-,.,C'td - c.Si ) ~rmTf\/3)==2f{J~tj/Dt~+J"i it"l.-j~""'ItI1J~ CZ 
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In this C<lse the solution of (3), ~sslJmin9 £', ;: C/"'I' is 

The v~ri~ble p~rt of the dlsplacement in the sphere dye 

to the syrf~ce constant displ~cement (2) is then 

(Cap'Jto 1987) 

du 

( 5) 

with T ;: tE.'b:: the dimenslonless time T is measlJl'ed in 

~ UTtlt-:, of E· • 

It is thus clear that the p<lrt of the displacement in 

the spr,el-e val'i~b:i.e ~Hth time depends on n. 

In the figures 1 through 5 the function X (t) is given 

~ 
as fun,~tlon of T. Since T teo the dependence of X(t) 

on z and n is obvious. Since the deriv~tive of the 

fYnction (5) with reSDect to n is positive for <lll 

y~lues of t the values of the function <lre l<lrger for 

l~rger n or the relax~tion of shorter wawenumbers will 

take shorter time. 

tl­
The dist;:ussion concerning, follows cOT,sidering th<lt E· • 

which in general is smaller than one, det;:reases ~ith 

incre<lsing ~ ~nd therefore for all Y<llues of t the 
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rela~~tion time increases with 4 if one keeps z 

corlst~nt . 

The dependence of the relaxation from z is very 

relevant for val~es of z less that 0.1; the table shows 
lJ% 

th~t the ratio fe,(n : 2)/E.(n =oo)}- . 

z 0,03 0,05 0,1 0.2 0,4 0.6 0,8 0,9 

[e.(n=2)n,(r,:.o:n:!\0.7 10,7 3.24 1.80 1.34 1.22 1.16 1.14 

FOI" a given D"", = 0, the S;;Jnle fOl' all n, the assymptotic 

value of the displacement due to the relaxation is the 

...... 
A. (..r.) (~. e' )t)~ 1'\ ... 1)(2"11. .. ,) 0 ~ 
2 ~ ro -4"",..1 .I.,,(("J~) 

:D'"C.(f,)Q-&t\ 2tlft+2?' JjJ,..J~nl) 
f oJ)"., -4 ••+/) r.9 (6) 

For ~ny g~."en n, thel'e is -:llwav a val'je ~ of l' 

7:: f". U r[- (8 'rI.1+", ...7)/(4~.J"-1)(10f\·+5- +J)] 
(7) 

such that, for any r smaller th-:ln ~. the h~rmonics with 

order l;;Jrger than n h-:lve an assymptotic value smaller 

than that of the h;;Jrmonic n, Tnis implies th~t in the 

interior of the sphere the relaxation, in h-:ll-mor,i<::s of 

higher ol'del-, not onlv occurs faster but it also has 

smaller assymptotic values. 
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4.Conclusions 

The conse<.3'Jences of the w;;l'venIJmtel' dependenc.e of the 

rheology of the wide class of rheologies considered,if 

the rheology of the E~rth is of this type, ~re 

~eYeral; ~mong others we note the following: 

1) The post9Iac.i~1 rebound observations t~ken ~t 

different points and at aifferent time interY;;lls m;;ly 

not te combined and referred to the S;;lme point. 

2) T~e obserY-"ltion of the post91;;lci;;l1 rebound at a 

sin9 1e poi nt, eye fl f 0 l' ;;l Ion 9 t 1 me in tel' Ya 1 I ;;lll 0 ws 

only to infer ;;lver;;lge r~eologic.;;ll properties of the 

different w;;lvenumbers forming the residu;;ll deformation. 

3) Tne contrioutlons of the different geoid;;ll 

ondul;;ltions, prob;;lblv orlQln;;>teo ;;It different times, to 

the deF";;ll'tIJl-e of the oDsel""ed 'J.l fl'om the hvdrost;;ltic 

one J~~ are deca~ing with different phases and 

therefol'e the diffe\'en,::li.' 'J
1 

- '-kw is flOt si~lTlific;;lnt 

physically to the ciscussione of the Yari;;ltion of the 

Earth's rot;;ltion r;;l~e. 

4) For all z (0(=(1) the relaxation time decreases 

with increasing n, eSDeclallv when z is small. This 

is in agreement with the apparent dominance of the 

shorter wavelengths in most parts of the topogr-"lphies 

of the E~rth <H,d of ;:)11 f,laflets <Jnd fl<Jtur<JI satellites 

of known topogr;;lphy. 

5) The rel;;lx;;ltion time decrE~sing with inc.re~sing n 

f-"lvors the dissip-"ltion of Ef,el' gy i fI the longel' 

loI-"lvelength ~lTld therefore encour<lges line-"lr 
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phenomen~ ~Dd turbulence.
 

6) The reslJlts \'el:.ltive to tne 8sSlJmction h<t) ::" t 
z/r(1-.z.)
 

.are immedi.;Jtelv e:<tended t-o the rheologies 

defined by other functions hIt> such ~s ~h.;Jt of 

polycr~st~lline h~lite (C~puto 1987) for which H<p) is 

~he r~tio of two polinomi.;Jls in p. the numer~tor of 

first order .;Jnd the denomln.;Jtor of second order. 

Substitution in (3) shows th.;Jt <llso in this c.;Jse the 

rheology is w~venumber dependent. 

ApDendi:·~ 

A cl~ss of solutions of the eau.;Jtions of st.;Jtic 

e 1 <l S t i ': i 1;: Y, cor"oIel't;lir,g ir, tne o\-igin of cOOl'din~tes is 

repre ser,ted by the followlng uniformly convergent 

series IC:.lputo 1961:.l.1961b) 

A..r. ~1lI. (A.... ?+'.. A,,,,,;"·"):E,,,,l~") 
~ r' = 

..., s .....,) J.1,.,(ec1·S)) J'-jt~ t:. (8" r .. ,,,,,r
 

Silt!. ={If\.'" 3) A.!l.~. 3')e ~1"
 
*' ~ .. (~-2)r ~ .....
 

f\"= As~ 11K.
 
(AU 

where ~ (c.os~) is the Legendre polyr,omi.;Jl of order n, 

Sr <lnd s~ "Ire the r<ldi.;Jl -"ind t<lngenti:.ll conlponents of 

the displ:.lcemer,t respec.tively, A... ~nd ~"J\'e arbitr~ry 

c.onst"Jnts to be determined by means of the bound<lry 

':0 nd i t i or,s. Formul~e (All .;Jre <l c<lrticul.;Jr C<lse of the 
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solution by 

(1961b/198~~,1987) el;;lsti,=, Sphel'E? 

expl'essed ~g~in bv me~ns of uniformly convergent 

set'ies. 

In the C<lse when the r·o'.Jnd<:l\'Y conditions -"l)'e expl'essed 

by (2) we find 

(A2) 

If thE? stres-str<:lin rel~tlons <:lre expressed by (1), tr,e 

LT of th+ollJtion of the 9'J<lsi st<ltic e'1lj~tioTis of 

el~sticity is obTained 'C<:l~ljto 1987) subst i tlJti Tlg r­
~T1d A loath 

(A3) 

LT (h) , 
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Fig,l The flJr,c t i on "Iv it) w1th ;;: = O.l. In the lowel' 

sC<lle the v"llue of 't ':0\- \'esc,ond=. to ( (4- Tl -+ l)/n) (5 "'7 13f­

) ) t. In the toC'· s'::;Jles the> v<lI'Je s of t cOI'\'espond to 

( (4· n -+ 1 9 In) (5 'r; 1"3 f » t wit h T, n = 10, Tl == 
respectively, It is seen th"lt the function X (t) 

f<lster <lnv fixed v<lllJe for l<lrger v<llues of n 

or th<lt the time of \'el<l::<lt10n is decreClsing with 

incre<lsing n. Note t~"lt t 15 in log sc.;)le. 

Fig.2 As in Fig.1 for z = 0.2, 

Fig,3 As 1n Fig.1 for ;;: 0.4. 
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Fig.4 As in Fig.l for z 0.6. Note th~t here t i5 not 

in log scale. 

Fig.S As in Fig.1 for ~ O.B. Note ~h~~ here ~ is not 

iTt log ~cale. 

Fig.6 Variatio~ of the sea level in ~he 10c~tioTt 

indicated in the insert map (Fenr,osca n-1i;;) , (aftel' 

K~rnig ~nd MUller, 1~B9). 

Fig.7 Variation of the sea level in the lo~ations 

indi~ated in the i~sert map (North Americ~). (Clfter 

K~rni9 and M~ller 1989). 
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