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ABSTRACT

The basis of interpretation problem is the model of the
conection between measurements data being usually digital records
and the medium parameter fields. Using the linear model of signal
propagation, we construct the 1linear functionals having the
property of the influence function of variation of parameter
fields on the digital sample. This influence function is the
result of interaction of the incoming (¢,;,) and inversed outgoing
(¢o,) sounding signal fields such that the ¢, and ¢, are
determined by the model of the signal propogation in reference
medium.

The optimal decision criterion has been investigated and the
physical interpretation of tomography functionals has been
performed. The information statistical characteristics of the
retrieval of the functional values from the field of the medium
parameters have been analyzed.
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OEPIAMANHVYH

H Bdon evdég mpofAiniuatog spunveiag eivaL to poviEio To omolo
ouvvlEe L Ta TelpapaTixd Sedopé€va, Tou el val ovviBwg PnyLoTo LNUéveg
nATAYPAPEG ML TLG ETMLOLUNTEG  TAPAUETPOULS ToUL HEooUL.
XpnoLpomoldvtag To YpPpAppLxS poviéro didboong Touv onRpatog |,
HATAOHEVACAUE YPAHULKHAE ouvapTnoloeldy Ta omola €xouy TNV L&LdTNTa
NG ovvdptnong emnidpaong 1Tng HeTAfOARAG TWV TAPAUETPWY OTO
bneLomoitnuévo delypa. AvTth n ocuvvdptnon enidpaong eival anoTEreoua
e  oAAniemibpaong Tou ergspxdpevov  (9;,) AL VT IOTPOPOL
efepxdpevou (@ ) NXxNTLrol oRUaTog TETOLH WOTE TO @, Ml Poue VA
naBopigovtal améd To poviéro BiLddoong ToL OHUATOG OTo KHECO
avagpopds. AlepevviAdnue To LBAVIHS upLTHPLO andpaong ndl &38nme
puotrn  epunvela Twv oguvapTnoLoeldwdV  Tng Topoypapiag. Ta
OTATLOTIHA  XOPAUTINPLOTixd TAnpogopicg Tng avduinong Twv
ocuvapTnNoLos LGV amo To Medlo TwV TAPAUETPWY TOL REJOL HEAETHBNMAY
HoL avaAvenav. Mid wpLting avdiuon Tng pebddouv Twv Backus-
Gilbert (GB) mapouoLdleTtdl. Il AVTLTAPOTWNELTLHS opLOUnTLHS
Tapdde L YU XPNOLUOTMOLHOQUE £vd  TPONMOTMOLNUEVO oAySpLBuo Tng
Topoypagpliag meplBAaong. Autdg o arydpLbBuog unopel va Bewpnbe oav
HLE&  yevimeLUEvn HEBoSog peyiotng uiiong. O omondg ToL
napade i ypatog nNtav va disvpesuvigetl Tn SLaxplTixg LxavdTnTta TOUL
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CUCTHHATOG TAPATHAPENONE TOL ATMOTEAOLBVTIAV ond €va navovins dixntuvo
YEWPHOVOV TPLOV CUVILCTWOWY.

INTRODUCTION

The application of computerized tomography to the solution
of geophysical problems has been based to a great extent on the
models of ray propagation of the sounding signals; here, for the

retrieval of the fields of medium paranmeters, various
modifications of the Radon inversion have been used (Ivansson and
Gustavsson, 1986). Generalized Radon transforms have been

constructed for the solution of an inverse dynamic scalar problem
(Beilkin, 1985). In recent years, the interpretation of inverse
dynamic linearised problems as diffraction tomography problems
has become widely practised (Devanie, 1985; Tarantola, 1987;
Ryzhikov and Troyan, 1986, 1987).

An inmportant feature of diffraction tomography problems is
their incorrectness (instability of solution). Therefore in the
solution of inverse problems it 1is necessary to use
regularization methods (Franklin, 1970; Tikhonov, 1963) which are
determined by the type of a priory information. In connection
with the presence of noise in the measurement data, preference
is given to the statistical regularization model.

CONSTRUCTION OF LINEAR FUNCTION OF MEASUREMENTS

When problems of geophysical tomography are set, initial
data u (digital samples) for spatially located receivers are
used. As a rule, 1in geophysics the fields of sought~-for
parameters are elements, O(x), of functional spaces ©(¥) C(R®) ;
for instance, the fields of magnetic, gravitational anomalies,
the fields of elastic parameters of Lame A(¥x), u(x), of density
g(x), etc. The measurement space 1is a N-dimensional Euclidean
space (RY), where N is the number of samples. The tomography
experiment is determined by the mapping of the functional space
into the measurement space

G)(Fl'a)-Ff N

The experimental data are noise-including values of the n-
functionals of the sought-for fields ©(x)

u,=F e, (1)

The tomography experiment consists of the registration of the
sounding signals which have passed through the examined medium,
and the physical nature of the signals can be different. In many
cases of practical interest, geophysical interpretation may be
reduced to the consideration of the propagation laws in the
linear approximation. Thus, if the sounding impulse field is ¢
and the source fields is f, we may assume that the process of
propagation is described by the linear operator Lg:
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Loo=f @

Lylg(ad+py)=alyS+BLyy

The operator L, determines the medium properties. The problem of
1nterpretat10n of the tomography experiment from the mathematical
point of view is reduced to the retrieval of the operator L, from
the measurement data. It should be noted that in the physical

experiment we register not the field ¢ proper, but its
transformation by the apparatus function of the registering
channel H which includes the temporal and amplitude
discritization. The most commonly used model of the
transformation of this sounding signal by the registering channel
is the integral linear operator of convolution. With the known
source function f, the formal experimental data model can be
written as

u,=H, Lg'tre, o)

Hb=[[[da dt dx hife,et,-05(x,-x)d(ex0

ele|=1

where all the sought for properties of the three-dimensional
medium are included in the operator L, "1, It is impossible to find
an accurate solution of the problem Of retrieval of © from the
measurement data available. Therefore, the approximate methods
are naturally used for the description of the propagation of the
sounding signal. Assuming that for a certain value of ©, we can
build the decision

-

b,=Le'f @)

we consider that the © sought-for is close to §,, i.e. & = 0 +50,
where 80 << ©,. The solution of ¢, can sometlmes be obtained in
the analytlcal form, by using one of the approximate methods. The
formal solution in the medium with the field of the © parameter
is determined by

b=, +L, 8 Lge (5)
where &L, L,

i.e. the compiete model (3) taking account of (5) will be written
as
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Un:Hn[¢o+L9_16L9‘]*en ©)

In the model (6), the medium properties are included both in 8L,
and in ¢. Due to the presence of the dependence of f on 68 1n
the determined part of the measurement model, the model appears
to be nonlinear relative to &0, which results 1in great
mathematical difficulties in obtaining a solution. But if 6@ is
small, then if the condition is satisfied that

IH L8 Ly(d-dg) IP
<1

2
Ee,

)

(E is the operator of mathematical expectation), ¢ in (6) can be
replaced by ¢,. From the physical point of view, the realization
of the inequality (7) determines the adequacy of the model u_(¢)
to the real measurement conditions; i.e. the model error
resulting from the replacement of ¢ by ¢, in (6) is much smaller
than the measurement error. It shoud be noted that due to the
inequality

IHL, S Lo(d-d ) < IHL, 8 Lol 1,

and the limitness of the norm of the difference of the fields of
¢ and ¢, from the physical considerations (physical fields do not

possess infinite energy), as well as due to [¢-¢ | « C< and the

limitness of because of "HLfaL&|the compact operator H (which,

being an integral convolution operator, is simultaneously
responsible for cutting out the spatial-temporal interval
detrmined by the registration condition, at 6@ tending to zero),

the norm “HLjaL&|also tends to zero and the condition (7) is

satisfied. Taking account of (7), we write down the model (6) as

U =H]b, +L; 8 Lob.+E, 8)

The error ¢, includes both the random error e, and the error

relevant to the determined part of the model. These errors will
be suppressed by the action of the operator H . We rewrite the
model (8) introducing the belinear form:

-1 =
Un=<hn l¢o>u.T,D +<hn E Ly L6¢0>"-T-Q *€n

By reducing the experimental data by the Kknown value
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<§ |T1>T,.,,Q=ff5(to,x.o*rr(w,x,z)dxdn
Qv

Uf=<hA¢3&Ta» we obtain

-1 =
Un=<hn|La & L8¢o>u.'l‘.n *€, ©)
where 054%_u:

TOMOGRAPHY FUNCTIONALS
We distinguish in the disturbing operator 8L, the monotonous

function v(Q@), relative to which the disturbing operator will be
linear. We rewrite (9) as

Un:<L¢;1hf; |6 Letbo)u,T.ﬂ +E‘Enz

<G L3141 g lu(60, %, (10

v

where G,=L1, Qs 8Y-_Gih -2 8L 10710 (10)
du du dv '

The integral kernel of the functional relative to v (80) will
take the name of tomography functional, and the designation will
be introduced, viz.

PPl S* ;> (11)

where ¢, = ¢  is the incoming field in a known reference medium

0, ol ,=f
G ot Lo® or=Pn- is the inversed outgoing field from the receiver,

S"=~£—6L9 is the operator of the interaction of the fields.
v

Taking accound of (11), we write the model (10) as

=P +&

where u=[G,,....0,...040", &=[&(,-cfperers&y]”
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The tomography functional p, determines all of the elements
of the spatial region in the sampllng n of the experimental data.
It should be noted that in the traditional ray tomography, the
tomography functional is singular and is localized along the ray
connection the source and the receiver; the weight along the ray
is constant. Whereas in diffraction tomography, even under
conditions of the applicability of the ray description of the
fields g, Porr every element of the volume of the region under
investigation is linked with the receiver and the source by two
ray trajectories, here every element of the spatial region has
its own weight which is attriputed to it and determined by the
interaction of the fields ¢;,, ¢,,- It should be noted that the
mathematical methods of computational tomography are based on the
methods for the solution of the integral geometry problems, when
data (projections) are given by integrals of parameter functions
on manifolds of smaller dimensions (rays two-dimensional
furfaces); whereas in dlffractlon tomography, the tomography
functional support belongs to R*. We note that the basic content
of the tomography experiment is relevant to the overlapping of
the tomography functional supports, i.e. information on the same
element of the volume 1is contained 1in the whole set of
measurements. The measurements are connected both with changes
in the localization of the group of sources (mm in (11), and
with the locallzatlon, orientation of the receiver, and the
sampling time (f in '(11}y for dynamic fields.

The apriori presentatlons can be determined by either the
probability or the determined technique, for instance, by giving
a certain type of spatial symmetry. The determined form of giving
the a priori information makes 1t possible to reduce the
tomography functional to a space of smaller dimensions. If the
medium 1is assumed a priori to be starti-homogeneous, the
tomography functional support is one-dimensional; there the
corresponding tomography functional is the Radon projection of
the general tomography functional to the transversal direction.
In the case of spherical symmetry, the parameter of the kernel
of the tomography functional is the radial coordinate.

We shall now consider examples of the construction of the
construction of the tomography functional.
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1. Scalar wave equation

L—-a+CEE (12
o * por )
Ly--Bec?() (13)
at?
CZ
8,=C,(0, =000, xeR®, v=v(¥=c,(1-—), (14)
c

o F g &
S Ty P““’aucl;;ﬂd’m"r

In this case, the operator G™:G"(t-t'; x,x')=G(-(t-t');,x',x)
determines the wave propagation from the receiver in the reverse
time.

The tomography functional support in the homogeneous
reference medium is concentrated in the paraboloid layer in the
case of a plane incoming wave, and in the ellipsoid layer in the
case of a spherical incoming wave (under condition of a point-
type receiver).

2. The Lame equation in an isotropic infinite medium:

Lp$ = Pg%[(lo+pJW$+pOA$ +VA VP +9p xVx$ +2(Vp , V] (15)

R O R AR (19
o}

where F.4 1s the scalar product of vectors f and §{

|2 o(2)> |2 (x>
8,=[r(¥0> B=|u(>, v(66)=56
lpo{%)> lp(x)>

Here, the structure of the operator P corresponding to an
individual measurement is as follows:

<p“l=I<p*|<p¥|<p®|l
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and the operator S has for the Lame equation can be presented in
the explicity symmetric form.

S11<pH () | =<0yl S| 0167 1=~ T Bouer Vb {7)
S¥:<pH () | =<0 el S* 16,7 1=T5F pu* V5 - 278 1* VB, (18)
8°:<p?(X) |=<d,,| S|, -ifﬁ .;iai (19)

out in T'ail out at in

where the symbol * designates the convolution over time and
summation over the indices of the spatial coordinates

L% [atg (t-oin o)
J

Let the variations of elastic parameters in an isotropic
elastic medium be such that VA, Vp are small enough. Then, under

the condition that ¢,, is a purely compressional wave, it is
possible to introduce the function

2
A+2p Yo
u =p l—"—-1=p [—-1
- p"[lo+2ua ] pﬂ[u: ]
then spu:éé (up—velocity of P-wave)
ot

If ¢;, is a purely transverse wave, then it is possible to
introduce the function

¥
USW= po[i_‘I]:po[_: _1]
Ko U
Then the interaction operator will be S;"=§%, (v. - velocity of
ot °
S-wave) .
CONCLUSIONS

On the basic of a determined measurement model including per
se the model propagation of the souding signal and the model of
transformation of the signal field by the measurement channel,
tomography functionals have been introduced. These functionals
have been determined as the linear part of the mapping of the
fields of the medium parameters sought for in discrete samples
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of the observation field.

The tomography functionals have the sense of the functions
of the influence of various spatial regions of the medium on a
particular measurement with a selected plan of the experiment.

The tomography functional norm (the influence function
amplitude) at a fixed source and receiver is determined by the
intensity of the interaction between the incoming field ¢,
induced by the source and the inversed field ¢, emitted by the
receiver. The operator of the interaction of the fields Pin and
¢, 15 determined alone by the influence of a single variation
of a concrete field of the medium parameters on the dynanics of
the signal propagation and is independent of the choice of the
reference medium model.
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