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A B S T R ACT 

The basis of interpretation problem is the model of the 
conection between measurements data being usually digi tal records 
and the medium parameter fields. Using the linear model of signal 
propagation, we construct the linear functionals having the 
property of the influence function of variation of parameter 
fields on the digital sample. This influence function is the 
result of interaction of the incoming (~·n) and inversed outgoing 
(~ovt) ~ounding signal fields s~ch th~t the ~in ';lnd ~ovt are 
determIned by the model of the sIgnal propogatlon In reference 
medium. 

The optimal decision criterion has been investigated and the 
physical interpretation of tomography functionals has been 
performed. The information statistical characteristics of the 
retrieval of the functional values from the field of the medium 
parameters have been analyzed. 

3-D EEIEMIKH TOMOrPA~IA nEPIe~HE 

Troyan,V.N. and Ryzhikov,G.A. 

n E PI1\. H 'l.' H 

H ~ao~ gv6~ TIpO~A~~aTo~ Ep~~Vg[a~ glVaL TO ~OVT€AO TO OTIOlO 
OUVO€EL Ta TIglpa~aTLxa Ogoo~€va, nou ECvaL Ouv~eWS 1(l~~LOTIOL~~eVES 

xaTaypa~€s xal TlS gTILeU~~T€S TIapa~€TpOUS TOU ~€OOU. 

Xp~OL~onoLWVTa~ TO ypa~~lx6 ~OVT€AO olaooo~~ TOU o~~aTos , 
XaTaOXgUaoa~g ypa~~lxa ouvapT~OlOgLO~ Ta oTIoCa €XOUV T~V lOL6T~Ta 

T~~ ouvapT~o~~ gTICopao~~ T~~ ~gTa~OA~~ TWV TIapa~£Tpwv OTO 
1(l~~lOTIOL~~€VO oECy~a. AUT~ ~ ouvapT~O~ gTIlOpaO~~ Elval aTIoTiAgO~a 

T~~ aAA~AETICOpaO~~ TOU gLOEPX6~EVOU (~in) xaL aVT[OTpO~OU 

E~EPX6~EVOU (~ovt) ~X~TlXOU o~~aTO~ T£Tola WOTE Ta ~in xal ~ovt va 
xaeOpC~oVTaL aTIO TO ~OVT€AO OLaooo~~ TOU o~~aTo~ OTO ~€OO 
ava~opa~. ~lEpgUV~e~XE TO loavlx6 XPLT~PlO aTI6~ao~~ xaL o6e~xg 

~UOLX~ Ep~~VgCa TWV ouvapT~oLoElOWV T~~ To~oypa~[a~. Ta 
oTaTLoTLxa XapaxT~pLoTLxa TIA~po~opla~ T~~ avaxT~o~~ nuv 
ouvapT~oLoELOWV aTIo TO TIEOlO TWV TIapa~€TpWV TOU ~€OOU ~EAET~e~xav 

xal avaA(ie~xav. Mla XPlTLX~ avaAUO~ T~~ ~Ee6oou TWV Backus­
Gilbert (GB) TIapOUOla~ETal. rLa aVTLTIpOOWTIgUTlX6 apLe~~TLX6 

TIapaOgLy~a XP~OL~OTIOL~Oa~E eva TPOTIOTIOL~~£VO aAy6pLe~0 T~~ 
To~oypa~Ca~ nEpC eAao~~. AUT6~ 0 aAy6pL e~o~ ~nopg( va eEWp~eg( oav 
~La 'YEVlXEU~£V~ ~£eooo~ ~E'YlOT~~ XACO~~. 0 oxon6~ TOU 
napaOgly~aTo~ ~Tav va OlEUPEUV~OEL T~ oLaxpLTLx~ lxav6T~Ta TOU 
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ouoc~~aco~ TIapac~p~o~~ TIOU aTIOccAOUVcaV aTIa 6Va xavovLx6 OLXcUO 
ICW~WVWV cPLWV OUVLOcWOWV. 

INTRODUCTION 

The application of computerized tomography to the solution 
of geophysical problems has been based to a great extent on the 
models of ray propagation of the sounding signals; here, for the 
retrieval of the fields of medium parameters, various 
modif ications of the Radon inversion have been used (Ivansson and 
Gustavsson, 1986). Generalized Radon transforms have been 
constructed for the solution of an inverse dynamic scalar problem 
(Beilkin, 1985). In recent years, the interpretation of inverse 
dynamic linearised problems as diffraction tomography problems 
has become widely practised (Devanie, 1985j Tarantola, 1987 j 
Ryzhikov and Troyan, 1986, 1987). 

An inmportant feature of diffraction tomography problems is 
their incorrectness (instability of solution). Therefore in the 
solution of inverse problems it is necessary to use 
regularization methods (Franklin, 1970; Tikhonov, 1963) which are 
determined by the type of a priory information. In connection 
with the presence of noise in the measurement data, preference 
is given to the statistical regUlarization model. 

CONSTRUCTION OF LINEAR FUNCTION OF MEASUREMENTS 

When problems of geophysical tomography are set, initial 
data u (digital samples) for spatially located receivers are 
used. As a rule, in geophysics the fields of sought-for 
parameters are elements, 0(X}, of functional spaces 0(X) C(R3 )j 
for instance, the fieldS of magnetic, gravitational anomalies, 
the fields of elastic parameters of Lame A(X), ~(X), of density 
q(x), etc. The measurement space is a N-dimensional Euclidean 
space (RN

) , where N is the number of samples. The tomography 
experiment is determined by the mapping of the functional space 
into the measurement space 

0(R3)-R N 

The experimental data are noise-inclUding values of the n­
functionals of the sought-for fields 0(x) 

Un=Pn+€n (1) 

The tomography experiment consists of the registration of the 
sounding signals which have passed through the examined medium, 
and the physical nature of the signals can be different. In many 
cases of practical interest, geophysical interpretation may be 
reduced to the consideration of the propagation laws in the 
linear approximation. Thus, if the sounding impUlse field is ~ 

and the source fields is f, we may assume that the process of 
propagation is described by the linear operator L :e 
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(2) 

4:4(0:41 +P1jI}=0: '-tJS+ p'-tJljI 

The operator L determines the medium properties. The problem ofe
interpretation of the tomography experiment from the mathematical 
point of view is reduced to the retrieval of the operator L fromo
the measurement data. It should be noted that in the physical 

experiment we register not the field ~ proper, but its 
transformation by the apparatus function of the registering 
channel H which includes the temporal and amplitude 
discritization. The most commonly used model of the 
transformation of this sounding signal by the registering channel 
is the integral linear operator of convolution. with the known 
source function f, the formal experimental data model can be 
written as 

(3) 

where all the sought-for properties of the three-dimensional 
medium are included in the operator L -'. It is impossible to finde
an accurate solution of the problem of retrieval of 6 from the 
measurement data available. Therefore, the approximate methods 
are naturally used for the description of the propagation of the 
sounding signal. Assuming that for a certain value of 6 

0 
we can 

build the decision 

(4) 

we consider that the 6 sought-for is close to 60' i.e. 6 = 6 +66, 
where 66 « 6. The solution of ~ can sometimes be obtain~d in 

. a • 0 •
the analytlcal form, by uSlng one of the approxlmate methods. The 
formal solution in the medium with the field of the 6 parameter 
is determined by 

(5) 

where OLe = L - L 
i.e. the comp1ete 

o
model (3) taking account of (5) will be written 

as 
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(6)Un~Hn[4>o +~' 0 La.] +€n 

In the model (6), the medium properties are included both in 5L~, 

and in ~. Due to the presence of the dependence of f on 50 in 
the determined part of the measurement model, the model appears 
to be nonlinear relative to 50, which results in great 
mathematical difficulties in obtaining a solution. But if 50 is 
small, then if the condition is satisfied that 

IIHnL -1 oLa(4)-4>9)12 <1 
(7) 

E€~ 

(~ is the operator of mathematical expectation), ~ in (6) can be 
replaced by ~o. From the physical point of view, the realization 
of the inequality (7) determines the adequacy of the model un(~) 

to the real measurement conditions; i.e. the model error 
resulting from the replacement of ~ by ~o in (6) is much smaller 
than the measurement error. It shoud be noted that due to the 
inequality 

IIHL;1,)La(4)-4>o)ll < IIHL;\) 411 114>-4>0! 

and the limitness of the norm of the difference of the fields of 
~ and ~o from the physical considerations (physical fields do not 

possess infinite energy), as well as due to 114>-4>0!1 < C<oo and the 

limitness of because of IIHL;'oLaII the compact operator H (which, 

being an integral convolution operator, is simultaneously 
responsible for cutting out the spatial-temporal interval 
detrmined by the registration condition, at 50 tending to zero) , 

the norm IIHL;\) 411 also tends to zero and the condition (7) is 

satisfied. Taking account of (7), we write down the model (6) as 

(8)un=H,J4>o +L;' oLaet>ol +en 

The error en includes both the random error En' and the error 

relevant to the determined part of the model. These errors will 
be suppressed by the action of the operator H . We rewrite the 
model (8) introducing the belinear form: n 

un=<hnl4>o> _.T,O +<hnIL;' °La4>o> .,T.O +€n 

By reducing the experimental data by the known value 
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<~ 1">T,u,Q=ff~(w.x,~ ~,,·(w,x.~dxdn 
au 

(9) 

TOMOGRAPHY FUNCTIONALS 

We distinguish in the disturbing operator 5L the monotonouse
function v(0), relative to which the disturbing operator will be 
linear. We rewrite (9) as 

I1n=<L;' h~ 10 4<1>0>uT a+€n= 

(10) 

(10) 

The integral kernel of the functional relative to v (50) will 
take the name of tomography functional, and the designation will 
be introduced, viz. 

(11 ) 

where CPin CPo is the incoming field in a known reference medium 

eo' <I>o: Lo<l>o=1 

<I>ourL~<I>out=hn- is the inversed outgoing fie ld from the receiver, 

SU=~04 is the operator of the interaction of the fields. 
OU 

Taking accound of (11), we write the model (10) as 
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<Pl11·..<p,ml .. ·<p,MII lI u1> 

p=! <P nll···<P nm l···<PnMI \ U ;11 Um> 

<PNlI'''<PNml'''<PNMII Ilu,V> 

The tomography functional P 
n 

determines all of the elements 
of the spatial region in the sampling n of the experimental data. 
It should be noted that in the traditional ray tomography, the 
tomography functional is singular and is localized along the ray 
connection the source and the receiver; the weight along the ray 
is constant. Whereas in diffraction tomography, even under 
conditions of the applicability of the ray description of the 
fields ~j , ~~tl every element of the volume of the region under 
investig;tion is linked with the receiver and the source by two 
ray trajectories, here every element of the spatial region has 
its own weight which is attributed to it and determined by the 
interaction of the fields ~in' ~put' It should be noted that the 
mathematical methods of computatlonal tomography are based on the 
methods for the solution of the integral geometry problems, when 
data (projections) are given by integrals of parameter functions 
on manifolds of smaller dimensions (rays two-dimensional 
furfaces); whereas in diffraction tomography, the tomography 
functional support belongs to R3 • We note that the basic content 
of the tomography experiment is relevant to the overlapping of 
the tomography functional supports, i.e. information on the same 
element of the volume is contained in the whole set of 
measurements. The measurements are connected both with changes 
in the localization of the group of sources (~in in (11), and 
with the localization, orientation of the receiver, and the 
sampling time (four in '( 11) for dynamic fields. 

The apriori presentations can be determined by either the 
probability or the determined technique, for instance, by giving 
a certain type of spatial symmetry. The determined form of giving 
the a priori information makes it possible to reduce the 
tomography functional to a space of smaller dimensions. If the 
medium is assumed a priori to be start i-homogeneous , the 
tomography functional support is one-dimensional; there the 
corresponding tomography functional is the Radon projection of 
the general tomography functional to the transversal direction. 
In the case of spherical symmetry, the parameter of the kernel 
of the tomography functional is the radial coordinate. 

We shall now consider examples of the construction of the 
construction of the tomography functional. 
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1. Scalar wave equation 

(12) 

(13) 

(14) 

In this case, the operator G*:G*(t-t'; x,x')=G(-(t-t')i,X',X) 
determines the wave propagation from the receiver in the reverse 
time. 

The tomography functional support in the homogeneous 
reference medium is concentrated in the paraboloid layer in the 
case of a plane incoming wave, and in the ellipsoid layer in the 
case of a spherical incoming wave (under condition of a point­
type receiver). 

2. The Lame equation in an isotropic infinite medium: 

where ~ 'Tj is the scalar product of vectors ~ and Tj 

IAo(x» IA(x» 

eo=l~o(x», fH~(X», u(06)=o6 

IPo(x» Ip(x» 

Here, the structure of the operator P corresponding to an 
individual measurement is as follows: 
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and the operator S has for the Lame equation can be presented in 
the explicity symmetric form. 

s~:<p~(~ I~<cPoutIS~ IcPin>r-V-¢)out"V-4>1n (17) 

S~:<P~(~ I=<cPoutIS~ Ih> r~X~out*Vx(jj;n-2~ijiout* V(j)in (18) 

Sp:<pp(~ I=<4>outISP l4>jn>r~(jjout.~(jj1n (19)at at 

where the symbol * designates the convolution over time and 
summation over the indices of the spatial coordinates 

~ *" =L L fdt~;Pn-')"~') 
J i 

Let the variations of elastic parameters in an isotropic 

elastic medium be such that ~A,~~ are small enough. Then, under 

the condition that 'Pin is a purely compressional wave, it is 
possible to introduce the function 

2 

A+2~ -1]=p [ U: -1]
Up", =P.[ A +2~. o up•

• 

then sP",=!t. (up-velocity of P-wave)
at2 

If 'Pin is a purely transverse wave, then it is possible to 
introduce the function 

_ [~ _ V;
U.w-P o --1]-P.[-2 -11 

~o U$O 

Then the interaction operator will be S:w=!t., (v,. - velocity of 
~ 

S-wave) . 

CONCLUSIONS 

On the basic of a determined measurement model including per 
se the model propagation of the souding signal and the model of 
transformation of the signal field by the measurement channel, 
tomography functionals have been introduced. These functionals 
have been determined as the linear part of the mapping of the 
fields of the medium parameters sought for in discrete samples 
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of the observation field. 
The tomography functionals have the sense of the functions 

of the influence of various spatial regions of the medium on a 
particular measurement with a selected plan of the experiment. 

The tomography functional norm (the influence function 
amplitude) at a fixed source and receiver is determined by the 
intensity of the interaction between the incoming field CPin 
induced by the source and the inversed field CPout emitted by the 
receiver. The operator of the interaction of the fields CPjn and 
CPout is determin~d alone by the. influence of a single var~ation 
of a concrete fIeld of the medIum parameters on the dynamIcs of 
the signal propagation and is independent of the choice of the 
reference medium model. 
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