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Abstract : In this paper, the modification to the Simplex-Centroid design introduced by
D, Lambrakis (1966} and applied to a polynomial up to 3rd degree is extended to a
polynomial of &th degree.

I. InTROD UCTION

Sceffé (1963) introduced and developed the Simplex—Centroid De-
gign. The main features of this design, in a g-component mixture in
which the proportions x,,x;,...,x, of the components are in the simplex

i=

q
(1.1) Sx, =1, X;.0,
1

are the centroid polynomial

(1.2) u = zaixi + z a;xx; + z XXXy + ..o T
i=1

12i<jsq IZi<j<k=q

+ 2 Ayize+inXi1Xj2 -+ Xin

151 <i2<*** <inZq
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ag a regression function, and the mixture of one, two, three, ..., q com-
ponents with equal proportions. These mixtures are to be used to esti
mate the coefficients in the polynomial (1.2). The purpose of this design
is the empirical prediction of the response to any mixture of the compo-
nents when the response depends only on the proportions of the compo-
nents present but not on the total amount of the mixture.

Lambrakis (1966} introduced the idea of a modification to this
design. In this modification the mixtures of one component, pure mixtn
res, are replaced by mixtures of g -— 1 components of equal proportions,
(g — 1} — nary mixtures and the mixtures of two components are re-
placed by mixtures of ¢ — 2 components of equal proportions, (q — 2)
— nary mixtures. He gave results for the cubic case. This case remains
unpublished in his Ph. D. Thesis, Department of Statistics, University
of Aberdeen, 1966,

In this paper the above mentioned modification is extended to the
quartic case.

2. QUARTIC CASE

The centroid polynomial of fourth degree is

(2.1) u= z a;x; -+ z Q%X + 2 a5 XXX, +

1gi%q 1<i<j=gq T<i<j<k=q

+ z Q551X XXXy -
[Zfi<j<k<l=q

The mixtures to be used to estimate the coefficients in (2.1) are q
{q— 1) —nary g (1 £i£q) with proportions

1 .
Xy = Xz = .. =X; 1= X{41= 0. = Xg =—— X, =0,forr=1

T g—1)’

(g) (q—2)—nary f5;(1 £i<j £ q) with proportions
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i

x1:x2:...:‘iﬂ:xi“:...:xq:m,xr=0,forr=},]

) ternary w;, {1 21 < j <k £ q) with proportions

ar—
MCN=]

X=X =X = -, x, =0, forr#ijk

(qJ quartenary vi(l £1<j <k <1 £ q) with proportions

a
I
p-:
Il

X, = X, = _/i_ , x,=0,forr #1,jk,]

L

Taking r; , 15], rjj, Iy observations for g7, f75, Wiy, Vi respe-

ctively and substituling their observed means § , fi7, Wi, Vi into
{2.1) we have the system of the normal equations

-~ 1 A A A 1 A -~ A
(2.2) W, = E) (&, + 8; + &) + T (&;; + & + 4y) 4

S

d;ix

1
o7 W+ a + 4, + &, +

A T . s -
(2.3) Vijn:'é’ (ai+aj+ak+31)+42

A ~ 1 A A .y A 1 A
+ &5 + &) + 7 (A + A4+ 8y + a0 + 7] (Ai501)

R 1
@OE == 2 A+ @oip 2 .+t

r#i r1s#i
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1 1
T E=1F 2 & T [q—ip 2 A
rsr¥E Trarlrv#i
. 1 1
(25) iy = (q—2) Y b, (q—2)° Z &; +
- TI8¥E 1] rra¥Firj
1 1
+ (q—2)3 z#:. érll_’_ (q'——2)4 ns:zl;v#i é-rsw

Solving the system above, of normal equations, we obtain the least
squares estimates of the coefficients

(2.6) 4, = Ta,— 2 &

@7) dy=( 2 b+ 2 &) — ( 2 &+ 2 4,)

rs¥irj ris#i rya¥j

(28) é‘]-ijk'—:( z é‘]-rsl + z é'rst + z ér“ + z érsl) _

181 LE 7] TI81tFE jrk P tEDk

- ( E é.—;( + z éirst + z é-rsl. + z érst)

P tET ISETRE N Ms t¥k rsriFijsk

- 1 ..
(2.9)  dyj = 4V — 4 (Z(ai + 4 + & + &)+ l%z—(ﬁij + &y +

1 o
4+ &;, + 5,'1; + ﬁﬂ +4a.,) + Zﬁ (é-ijk -+ z911,'1 + &y +ajkl)

For more details see appendix A.

WnoiakA BiBAI0Orkn OedppacTog - TuAua MewAoyiag. A.MN.0.



217
APPENDIX A

Solution of the System (2.2) — (2.5)

Equation (2.4) is actually a system of q equations. If we write down
explicitly all these equations, we observe that each element

[T
a(1=2r=q) appears in the system —q—iq——= q—1 times
H
rq?ﬂ
ars(j' §T<B§q) ”" ” ”n » CIL J — q___2 "

1)

)
é-nt(l §r<s<t§q) 2 n ” ” _q_— — q__3 ”

(%)
ﬁulv(1 =r<<s<<t<v gq) »on ” w ql & |

If we add all the equations mentioned above, we have

(AI) zg - zé + 1)2251'5 + 1)32 rsd + q—i)‘z raty *

Equation (2.5) is actually a system of [q ] [q} equations
q—2 2
3

WnoeiakA BiBAI0BAKN Oed@pacTog - TuAua MewAoyiag. A.MN.O.



218

If we write all of them, we observe that each element

) e
4,(1 £r=q) appears in the system*~ﬁj ___*:(4({_—_%7(_({—_) Limes

rvt=1 = Li

each 4 (1 £r<s=q) appears in the system f—ATW— =
2)

each 4., (1 £r<s<t <q) appears in the system [(ﬂ .=
3)
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1f we add all these equations, we have the following new equation

_|_

- 1) R {q—3) N
O N

From (2.5) we can form a system of (g — 1} equations where the
left side of each equation is a mixture of q-— 2 components of equal
proportions and no containing one component x;(1 £1£q).

If we write all these eqnations we ohserve that each of the elements

(q—1) fq—[ﬂ
a.(r#i) appears in the system rq £1 J = q — 2 times
)
(1) {157
a,.(r8+#1) " v K (—1 = q — 3 times
2
(1) (157]
arsl(rasat?"‘i) i ” ” » . rq - 1 e = 4 times
s
1) (157
ars1v(risatzv'_r’éi) 7 K K rq 1 =q— 5 times
e
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If we add all these equations we have the following equation

{(g—3) ' (g —4)
(Ad) 5 ¢ = Z&+(q—2) 2 A, + {g—3)p DI

I8FE| . rrsrl#i

¢
+ q‘—' 2 z arslv

risytivEi

Equation (2.2) is actually a system of (3) equations. 1f we write
all these equations we observe that each element

l (q—1)(q—2)

— 3 times

4(1=r=q) appearsin the system 3 [

1)

=R

= q-— 2 times

ar“(i grgq) ” n n » once

If we add all these equations we get the equation

. (gt Ll
as) So= ADE=Ds @2 sy 1 LS

Thinking the same way, from (2.3) follows the equation
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an To- BDUZH =95, Jumnang, |

(q—3) 1 <,
+ 64 zérsl + —nga""‘

In my thesis for the Dr’s degree, appendix E, p. 50, University of
Thessaloniki, Greece it is derived the equation

(q—2)(q—3) (q —4) {g—3 (q—4)
(A6) 255 = % Z a, + 32 > 4,

ns#Ei

(q—4 1
2 érst + 256 2 é-rslv‘

ISV L#E | s v i

+

Solution of the system of the equations (A.1), (A.2), (A.4), (A.B)
gives us X4, Z4,,, T4, Za.,,.

Where the solution of (2.4}, (A.3), (A,6) and

which follows from (2.2) gives & &, 2 &1 2 fren 20 Arew

T#Q s+ rst#dl g tavE]

Thus we have (2.6) — {2.9),
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1IEP1IAHYIZ

ITIETPAMATA EIII TQN MI'MATQN
MIA AAAH EIEKTAZXZIE THX TPOIIOIIOIHZEQEZ EIZ TO
ZYMITAEKTIKON - KENTPIKON MONTEAAON

‘Tmd

ETATTEAOY KOQNETANTEAQY

Té 1966 & wobnymriic A, Aaumpaxns dtpomomsinoey iy wébodov Tig
atoaxeute ol wovrihou Sceflé 1ol dmolou < wdpra yopowmnptatind elvas

x

TO MEVTPMOY TROAVGYLROY €1 GUVepTHazwe TahtvdpopTioswe xal 6 simplex
ele t0 omolov Dmbuewvron ab petalinral.

Eic =& povréiroy Schelfé, S tov mpoodiopiopdy tév éntipfaswy Tév
GUYTEAZGTEY ToD Tohuwydpou &y grawerownooy v xahodpeva nabupd pwiypo-
Ta (Exaetn OV yvoattv obotdv ol dmola bmatgdpyovrar Sud va dmoterécovy
T piypa). ‘O Aspmpdens dvricatéotnoe 6 xobaps piypato Sis peypdsov
tév q - 1 admdv (q 6 apibupdc 1év yproipemolouévey oot ) xal T plypa-
T Thv 300 odotdv Sux prypatey tév q - 2. "Entroyev dnotehéoparo Sk v
nepimTwoy wou F guvaptiatg maiwdpopfiosac elver T8 xevtoudy ToAuGvu-
pov 3ou Babuod.

Eic mhv mapoboay Epyactay ta mpoavageshévra dmoteréopora émexrel-
vovtat elg Ty mepintwaty §mou % suvdetyote Takwdpopfioswg slvan ToORLGYL-
wov 4ou Babpol.

To xbprov pésog THe Epyeaiag adtig elvar & aympatiouds Tob cuoThpartos
iy xavovixbdy Efiohsewy xal 7 Enliucig Tou.

WneiakA BiBAI0BAKN Ocd@pacTog - TuAua MewAoyiag. A.MM.O.





