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Abstract : Roughly speaking tfwo linear diffevence equations arve called f - similar if
one can be transformed lo the other by an invertible linear lransformation S(t). If-
morcover, the transformed equation is autonomous the original one is called redu-
cible. More generally lwo lineav difference equations are called t, - similar, if lhe
series of gemeral term || S(O)B(t) - AF)S(E-1) |, where A(t), B(l) are the mappings of
the left sides of the corvesponding diffevence equations and S(t) the transformation, is
convergent. The [ollowing proposition is proved. «The uniform stability of linear
diffevence equalions is an invariance property undey Lo, - similarityy. From the pro-
posttion some remarkable corollaries arve oblained. Among them the well known dis-
crele analogue of the theorem of Dini - Hukura - Caligo is included.

It iz well known [2] that a linear periodic difference equation

y{t) = Alt)y(t-1); Alt+p) = A(t),

can be transformed, by a linear periodic transformation (Liapunov
transformation) into an autonomous difference equation. In the fol-
Towing we are going to study a class of linear difference equa-
tions which includes the periodic ones and in particular autonomous
equations.

The methods of the proofs and the results obtained are analogous
to those for differential and functional-differential equations®.

Firtsly we introduce some notation. Let I{«) = {a,a+1,...}, where
is any fixed integer; I(to) = {to, to+1,...}, to€l{x); E a Banach space
with norm |-| ; L(E) the linear space of linear continuous mappings
of E with norm || induced by |-|; Ly (E) the space of (bounded
with bounded inverse) linear homeomorphisms of E; I the indentity
mapping of E and finally O the zero mapping of E.
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2. Let A:l{a) » L(E) : t - A(t) be given.
Defimitzon 1. A linear difference equation
ity = A(t)y(t — 1), tE e + 1), (1)

1s called reducible if there exists a mapping S:l(a) » Ly (E) such that
the substitution

y(t) = S(t)z(t) or z(t) = S{t)y(t),
transforms (1) to the autonomous equation
z(t) = CGa(t—1),
where G 18 a constant mapping of E.

Obviously the reducibility of dlfference equations 1s an equivalence
relation.

Definition 2. Two mappings A:l{te) = L(E) , B:I{te) = L(E) are cal-
led t—similar if there exists a mapping S:I(te+1) = Ly (E) such that,
SAtEL(to+1)

B(t) = S HAL)S(E 1)  or  A(t) = S-1{()B{t)S(t -1).

The t—similarity is an equivalence relation and it concides with
reducibility, if B{t) = C.
Consgider the difference equation

x(t) = B(t)x(t - 1), te Lo 1), (2)
The following theorem is the discrete analogue of the continuous case

of differential equations and so the proof of il is omitted?.

Theovem 1. 1I A:l{a) > L(E), B:l(«) = L(E) are t - similar, then {1) and
(2) have the same stability properties.

3. Defimition” 3. Two mappings A :I{a) - L(E), B: I(«) - L(E) are cal-

led t,,—similar if there exist a mapping S: I{a +1) » L(; E) and a
mapping F:I(«) - L{E) satisfying

DU FE) | <®,
[« 4

8=
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such that
S(t)B{1) — A(t)S(t — 1) = F(t). {3)

Remark I. The t,, — similarity ia an equivalence refation.
Remark 2. 1, 354e I(a), F(t) = 0, t,, -—similarity becomes t—similarity.

Remark 3. 11, 3t W), S(t) = [, A:L(x) - L(E), B:Hx) = L(E), t,-—si-
milar, then the series

is comvergent.

4. The deflinitions of stability and uniform stability of difference equa-
tions, can be found in'. From now on we suppose that, SA€l{a), Alt)
€Ly, (E). The following lemmas are well known.

Lemma 1. The difference equation {1) is uniformly stable if and only if
[ YO Y=2(s) [| < K, K21, s€ Ha), t€1(s) (4)

where Y(t) 1s the principal fundamental solution of (1).

Lemma 2. Let to€l{n), c20, k:l (to) = R+ be given. Then any solution
y({l) of the scalar inequality

oa

yit) ot ks)y(s),  te (o),
S:to
satisfies
£—1
y(t) S ¢ exp Z Ikfv), tE I{to) -
v=tg

We can prove now the following theorem.

Theorem 2. 1f (1) is uniformly stable and A,B:I{a)=1y (E) are t,— si-
milar, then (2) is also uniformly stable.
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Procf. Let X(1) be the prinecipal fundameutal solution of (2). Then the
mapping S @ I(te) = Ly, (E) given by

S(t) = Y(L) [Y“l(to)S(to)X(to) +

Y Y-l(s>F(s>X(s-1)} X-1(t), 1€iits) ()

s=l,+1

1s a solution of (3).
In fact, setting it i (3), we obtain

S(EB() — At)S(t—1) =

Y(t) [Y“l(to)S(to)X(to)“i- >, Y—l(s)F(s)X(s—i)}.

X-1(4)B{t) — A{4)Y (t—1).

t—1
[Y—l(to)S(to)X(tu)+ >, Y#l(S)F(S)X(s—ﬁi)].

B=tfy+1
X-1(t—1) =
t—1
Y(t) L=LZ+ ) F ()X (1) —S:LZH Y-l(s)F(s)X(s—i)}.
K1 (t-1) = Y(8) Y () Ft)X{t—1)X-1(61) = Ft),

which proves that S{t), given by (5), is a solution of (3). From (5) we
can also get

X)X {to) = ST (t) Y1) Y= (£0)S(to) +

t
D S Y (Y ) F ()X (s—1) X1 (L),

s=t,+1

Hence, using Lemma 1, we have

XX {to) [ US| Y)Y~ ro} || [ SCto) [| +
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t

2 1S YWY | Fe) | [ Xe—1X-1(t) |

t—1

et 2 el P || XEX-2t) ||,

A=ty
where ¢, , ¢; > 0 constants. Finally, applying Lemma 2, we find
i—1 oo
| XE)X-(to) | € ¢ exp 2, ca || F(s+1) || < ¢, exp 2, e[ F(s) ]l -

8=y B

Therefore, by Lemma 1, the result easily follows.

The following corollary is the discrete analogue of Dini-Huku-
hara-Caligo theorem for differential equations®.

Corollary 1. If (1) is uniformly stable and

h8

| Bs) —A(s)[| <0

i=c

then (2) is also umiformly stable.
The proof follows easily from Remark 3 and Theorem 2.

Another consequence of Theorem 2 is the following corollary.

Corollary 2. If (1) is uniformly stable, B:I(a) —» Ly (E) and

’2-“" B(s)B(s) — A(s)B{s — 1} || <=, or 5:21-1“ I—A(s)B1(s—1)|| <=,
then (2) is also uniformly stable.
The proof follows by setting in (3)
5(t) = B(t) or S(t) = B-(t).

We know that the principal fundamental solution X(t) of

x(t) = Gx(t—1), , t& Iz +1), (6)
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where C == 0 18 a constant mapping of E, is given by

X(t) = Ct—= I . tcl(w).
So
X(t)X-1(s) = Ct—= C—6~o] = Ct—= , sCliw) , tCI(s)

and, if (6) is stable,
| X)X (s) || = || G-I < K, t€ (o).

Therefore, by Lemma 1, (6) ig uniformly stable,

From the above argument and Theorem 1 we have the following
corollary.

Corollary 3. If A:I{a) - Ly (E), C == 0 are t, — similar and (6} is sta-
ble, then (1) is uniformly stable.

From Definition 1 and Remark 2 we have the following corollary.

Corollary 4. Every stable reducible system is uniformly stable.

Finally we note that stability properties of difference equations
are extensively studied in !+ ¢ and®.
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NMEPIAHYIX

METAZXHMATIZEMOX t — OMOIOTHE t, — OMOIOTHZ
TQN ATAPOPON EEIZQYEQN

Trd
IQANNOY XP. ZXOINA
(" Emtpcdnrot tot Mafnpatixoet Znovbactnelov tis .M. Zyolis)

Eig mhv mapolony gpymciav ucherdvroar O¢ mpbde v Spowbpopoov gd-
oradleiay ypapptzal Stapopdv Eisdoeg el yhpove Mmavay. Ade Torabron
giohoeig dvopdlovron t — Spowet Eav 7 pla perasynpartiletat sl Thy &My
8 Evbe ypappuixoh Euprwpévon éx Tol t dvriotpedinen petaoynpaTtiapod
5(t). *Eav 2xt niéov 7) Sevtépa Eflowarg elvar adtévouss Aéyopey &t ) mpdry
avayeton ele adtovopov. Devixdrepov dlo ypappal Stapopiv éEsdoeg bvo-
ualovtan to, — Bpotar dav 9 acpa §| Exovoa yevixdy Bgov ||S(t)B(t) — A(t)
S(t—1)]|, B0 A(t), B(t) al dmrewnovioe; dvniotolyosg tav dptotepdiv pehdy
o Eltsdoewv ol S{t) ¢ wpoavapeplels peraoynpatiopds elvat guyriivou-
oo, "AmodemevieTar 32 0 Emdpevov Oedpnua: «Edv 8bo vpappinal Sapopdv
tonoetg elvar b, — Spoton nal 7 pla & Tolbrwy elvan Suowopdpong edatalhs
e wal 4 &M elvay émiong dpoopdppas edotalnon. "Ex 1ol feopiparog
Tabtou mpoxbmTouy dpiopéva dfroompstote mopiopate — petald Tév Gmol-
ov xxl To Staxexkpipévoy dvaieyoy Tl Osopipatog Tav Nrivt — Xoukouyapa
— DPradiyro — S v bmolwv dmodewevietoar Gt ) Spotbpopgos edotdbera
elvan dvaddolmTog elg ouyrexprpévag xhdoeg o, — Spolwv, 1 — dpolwv 3 Su-
vopbvey va petaoynpatioboby elg adtovépoug Siaxpopdv Efisdoemv.
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