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Abstract: The notion of boundedness in a topological space, introduced by
Sze-Tzen Hu [2], is well-known. A boundedness in a given topological space
(X, T)is satd to be local if the corresponding universe (see (2], p. 299)
is locally bounded Let {(By:i€l} be the family of all local boundedness
in (X, T)and By (X, T) = N {By:i€l}; it is known [2] that By (X,T) is a boun
dedness in (X, T) but it is not necessarily a local boundedness. In this note we
give conditions under which By (X, T) is a local boundedness.

1. REMARKS ON B, (X, T). In 1968, S. Gagola and M. Gemi-
gnani [1] introduced the notion of «absolutely bounded» subsets of
a topological space (X, 7). Later (1973), P. Lambrinos [3] gave a
more useful definition of « bounded» subsets of (X, T). He proved that
the notions of « boundedness» and of «absolute boundedness» are
equivalent, and that a subset of (X, ) is «bounded» 1f and only if it
belongs to every local boundedness in (X, T). In other words, B, (X, T)
is the family of all «bounded» {or «absolutely hounded») subsets of
(X, T). |

According to this, if C(X, T) is the family of all compact subsets
of (X, 7)), G (X, H={WWc CecC(X, T)} and T*° the family of all
closed subsets of (X, T), it is known {[1] and [3]) that:

Proposition 1. (a) C(X, T)CC(X, TYC By(X, T)

(b) If{X, T)is T, then By (X, T)=Co(X, T).

(e) (X, T) is compact i} and only if Bo(X, T)= 2%,

{(d) Ten B{X, TY= C(X, T).

ey ff (X, T)is Ty, then TN Bo(X, TV =C(X, T).

In the abstract we said that B,(X, T) may or may not be a Jocal
boundedness in (X, T). We can illustrate this by the following exam-
ples.
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Example 1. Let N be the set of the natural numbers T={¢,6 N,
{1}, {1, 2},..., {1, 2,..., n},...} and B={W: WVe T). It is easy to see
that B, (N, T)=58 and that B, (¥, T) is a local boundedness in (¥, T).

Ezample 2. Let Q be tbhe set of the rational numbers, {7 the usual
topology for the real numbers and T={V'Q: Ve U}. It is known that
(Q, T) is T, and not locally compact. Hence, according to the theorem
3 of this note, Bo(Q, T) is not a local boundedness in (Q, 7).

2. CONDITIONS. We know [2] that a subfamily 4 of a boun-
dedness B in a topological space (X, T) is called basis of B if for every
B¢ B there exists an AC 4 such that B=A and A is sald to be an open
(closed, compact) basis of B if AT (A=Te, AcC (X, T)).

Theorem 1. Bo(X, T) is a local boundedness in (X, T) tf and only
tf it has an open basis.

Proof. (i) Let the boundedness B, (X, T) be local, and B={W:
WCVeBo(X, T)NT}. It is easy to prove that B i1s a local boundedness
n (X, 1), Bo(X, T)nT is an open basis of B and B&B(X, T). Since
B is a local boundedness in (X, T, By(X, Th=B. Hence Byo(X, T)=B
and consequently B, (X, T)NT is an open basis of By(X, T).

(ii) Conversely, let 4 be an open basis of By(X, T) and x¢ X. Tt
is obvious that there exists a B¢ B, (X, T) such that x¢ B and, since
A is an open basis of By(X, T'), there exists an A A<B(X, 7)1 T such
that B<A. Hence for each x¢& X there exists an A€ B(X,T)NT such
that x€ 4, that is, B.(X, T) is a local boundedenss in (X, T).

Proposition 2. By(X, T') need not have a closed basis, even though
it may be a local boundedness itn (X, T).

We can illustrate this by the example 1 of the previous paragraph.
Indeed, since 7= {N, ¢, {2, 3,..}, {3, 4,..},..., {n+1, n+2,...},..} it
is obvious that B, (¥, T) has no closed basis, enen though it is a lo-
cal boundedness in (¥, T).

Proposition 3. If (X, T) is locally compact, then B, (X, T) has
a compact basis.

Proof. Since (X, T) is locally compact it is clear that C, (X, T) is
a local boundedness in (X, 7). Hence Co(X, TYDB,(X, T) and n view
of proposition 1, B, (X, T)=C,(X, 7). By definition, C{(X, T) 1s a
compact basis of C, (X, T) and consequently B, (X, 7') has a compact
basis.
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Theorem 2. If (X, T) 1is locally compact, then B, (X, T) s a
local boundedness in (X, T). .

This theorem follows at once from the proof of the previous pro-
position.

3. CASE OF T, SPACES. We shall prove that:

Proposition 4.1} (X, T) ts a T, space and By (X, T} is a local
boundedness in (X, T), then (X, T) is necessartly locally compact.

Proof. Since B, (X, T) is a local boundedness in (X, T, for each
x¢€ X there is a neighbourhood V of x belonging to B, (X, T).

On the other hand, since (X, T} is T3, there 18 an A¢ T such that
x€ ACACV, Hence A is a neighbourbood of x belonging to B, (X,T)
and since A ¢ 7%, according to proposition 1, A is compact. So it bas
been proved tbat for each x€ X there is a compact neighbourhood of
x, that is (X, T} is locally compact.

Theorem 3. In a T, lopological space (X, T), By (X, T} is a local
boundedness in (X, T) if and only if (X, TY is locally compact,

This theorem follows immediately from theorem 2 and proposi-
tion 4.
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IIEPTAHYH

EPI TQN OPATMENQON YIIOZYNOAQON
TOHOAOITKOY XQPOY

Td
N. OIKONOMIAH

Elvar yvootn f S ~F¢ doufic goayuévwy ovwdlwy (boundedness)
elg Tomohoydy ydpov, N dmola Eyer elowylsl dmd <év Swe-Tzen Hu [2].

Mia Soud) gppavuévey owwéiwv B el tomoroyindy ydpov (X, T) Aévye-
Ton Tomwr) &4y 8¢ Exaotov onuelov X 1ol (X, T) Smdpye gl tovidyioToy
meploy®, ¥ 1ol X, dvhixoucw eig iy B

"Bav {Bi: 1€ 1} elvar ¥ olxoybvewo Ehov 78y tomnddy Soudy ppoyué-
vy govbhov glg oy (X, T) %l

B,(X,TYy= N {Bi:icl},

elvar yvoordv [2] d7v 5 By (X, T) elver Sopd) gpayuévey ouvdhav el tov
(X, T, 3&v elvor Gpwe mavrorz Tomued).

Eig =iy pyuciony adriy Sidovrar Oprouiver cuvBipeor, dméd tag &molec
7 B (X, ) elver tomued) Sopd), opaypdvov ouvdiow.

WnoeiakA BiBAI0BAKN Oed@pacTog - TuAua MewAoyiag. A.MN.O.





